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1. Introduction 

Let A be an abelian variety, equipped with a base point, over a field F. Denote by 
CH{A)q the graded Q-algebra of Q-hnear cycles on A modulo rational equivalence, 
and by CH(A)q its quotient consisting of the Q-linear cycles modulo mmrerical 
equivalence. Given an a in CH^{A)q, Beauville has shown (iSj, Proposition 5) 
that there is an a in CW{A)q lying above a such that {nA)*{ct) = v?'^oi for 
every integer n, where ua : A ^ A\& multiplication by n on A. He also raised the 
question whether such an a is unique. The uniqueness of such an a would imply that 
every Tx in Cff(A)Q has a canonical lift a in CiJ(A)Q, such that the assignment 
a i~> a respects the algebraic operations and puUback and push forward along 
homomorphisms of abelian varieties. We show in this paper that such a canonical 
lift a indeed exists. It is characterised by the property that a is the unique cycle 
lying above S which is symmetrically distinguished in the sense of the definition 
below. The endomorphism ua of A is used in this definition only for n = — 1. It 
is thus necessary to consider also cycles generated by a on products of A with 
itself, because for z > 1 an a with ((— l)/i)*a = a above a given a is in general not 
unique. In the definition d^^ (gxa;''^ (8) • • • ® a''" denotes the product in CH(A")q of 
the (pr^)* (q;''j ), where pr^- : A" ^ A is the jth projection. 

Definition. Let a be a cycle in Ci/'(A)Q. For each integer to > 0, denote by 
VmioL) the Q-vector subspace of Ci?(A™)Q generated by elements of the form 

P*(q;''i (g) a''^ «) • • • (g) a''"), 

where n < m, the rj are integers > 0, and p : A"" — > A"^ is a closed immersion with 
each component A" — > A either a projection or the composite of a projection with 
{~1)a : a ^ a. Then a will be called symmetrically distinguished if for every to 
the restriction of the projection CH{A"^)q CH{A"^)q to Vm{ct) is injective. 

The main result is now the following (cf. Corollarv l6.2.6p . 

Theorem. 

(i) Above every cycle in CH'^{A)q there lies a unique symmetrically distin- 
guished cycle in CH'^{A)q. 

(ii) The symmetrically distinguished cycles in CH'^{A)q form a Q-vector sub- 
space, and the product of symmetrically distinguished cycles in CH'^{A)q 
and CH^{A)q is symmetrically distinguished in CH'^^^ {A)q. 

(iii) For any homomorphism of abelian varieties f : A ^ A' , the puUback /* 
and push forward /, along / preserve symmetrically distinguished cycles. 

It follows immediately from this result that the assignment to each cycle in 
CW{A)q of the unique symmetrically distinguished cycle in CW{A)q lying above 
it respects the algebraic operations and puUback and push forward along homo- 
morphisms of abelian varieties. In particular the subspace of symmetrically distin- 
guished cycles in CH'^{A)q is contained in the subspace of those cycles a for which 
(n^)*(a) = n^*a for every n, and coincides with it if there is a unique such a lying 
above a given element of CH^{A)q. 

The above Theorem will be proved in Section[6l after preparation in the preceding 
four sections. A fundamental role in the proof is played by the properties of Kimura 
categories in the sense of [3 , § 9, and by the relations between motives and algebraic 
cycles. 
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To describe the proof, we first introduce some terminology. Let V be category 
with finite products. We assume that V is equipped with an assignment to each 
object X in V of an integer dimX, depending only on the isomorphism class of 
X, such that dimX x Y = dimX + dimY. For example we may take for V 
the category ASp of abelian varieties over F, or of smooth projective varieties 
over F which are non-empty and equidimensional, with dim the usual dimension. 
Then a Chow theory C with source V is an assignment to each object X in V 
of a Z-graded commutative Q-algebra C{X) and to each f : X ^ Y in V oi a. 
homomorphism /* : C{Y) C{X) of graded Q-algebras and a homomorphism 
/* : C{X) C{Y) of degree dimF — dimX of graded Q- vector spaces, satisfying 
appropriate compatibilities. A morphism C — > C" of such Chow theories is a 
homomorphism C{X) — > C'{X) of graded Q-algebras for every X in V, compatible 
with the homomorphisms /* and 

Consider in particular the Chow theories C and C with source ASp which send 
A respectively to CH{A)q and CH{A)q, with /* and the usual puUback and 
push forward. The projections C'H(A)q —> CH{A)q define a projection morphism 
C — > C The Theorem now reduces to the following two statements. 

(1) The projection C ^ C has a right inverse. 

(2) Any two symmetrically distinguished cycles in CH'{A)q lying above the 
same cycle in CH'^{A)q coincide. 



Indeed if r is right inverse to C ^ C, (i) will follow because r(a) is the unique 
symmetrically distinguished cycle lying above a, and (ii) and (iii)| will then follow 
because r is a morphism of Chow theories. We may reformulate |(2)| as follows. 
Consider the (non-full) subcategory £a of ASf consisting of the powers of A™' of 
A and those morphisms A™ — *■ A" for which every component A™ — > A is either 
a projection or the composite of a projection with (— 1)^. By restricting C and 
C to £a, we obtain Chow theories Ca and Ca with source £a, and a projection 
Ca ^Ca- Given a in CW{A)q = (Ca)'(A) above a in CHHA)q, write C„ 
and C'-a for the Chow subtheories of Ca and Ca generated by a and a. Then 
Ca Ca defines a morphism Ca Ca- The space Vm{a) in the above Definition 
is contained in Cq(A™) but does not in general coincide with it. However, it can 
be shown (cf. Lemma I6.2.4P that a is symmetrically distinguished if and only if 
Ca Ca is an isomorphism. Then (2) is equivalent to the following statement. 



1(2)1 For a in CH^{A)q, any two hftings Ca Ca of the embedding Ca Ca 
along the projection Ca Ca coincide. 

Indeed by composing the inverse of Ca — > Ca with the embedding Ca ^ Ca, we 
may identify a symmetrically distinguished a lying above a with a lifting Ca Ca 
of Ca — > Ca along Ca Ca- 

The statements (1) and |(2)[ are proved by first embedding the category of Chow 
theories into an appropriate category of Poincare duality theories, by essentially 
the same construction as for the usual categories of motives. To describe this, we 
begin with some definitions. 

A Q-pretensor category is a Q-linear category equipped with a compatible struc- 
ture of symmetric monoidal category for which the unit 1 is strict, and a Q-tensor 
category is a pseudo-abelian Q-pretensor category. A Q-tensor functor between 
Q-pretensor categories is a (strong) symmetric monoidal functor which strictly 
preserves the unit 1 and is Q-linear. A Q-pretensor category is said to be rigid if 
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each of its objects has a dual. If C is a rigid Q-pretensor category with End(l) = Q, 
then C has a unique maximal tensor ideal. We write C for the quotient of C by this 
ideal. 

Define a Tate Q-pretensor category as a Q-pretensor category C equipped with 
a family of objects for i in Z, such that 1(0) — 1 and l(z) l(j) = l{i + j) 
for every i and j, and such that those associativity or commutativity constraints 
in C which involve an object l{i) are identities. If M is an object in such a C, we 
write M(i) for M(g) A Tate Q-tensor functor is a Q-tensor functor T : C ^ C 
such that T{l{i)) = and the isomorphism from T{M) (g) T{N) to T{M ® N) 
defining the monoidal structure of T is the identity when M or iV is 

A Poincare duality theory with source V is a triple {A4, h, v), where A4 a Tate 
Q-pretensor category, /i is a symmetric monoidal functor from V°p to A4, and ly is 
an assignment to each object X of V of a morphism i^x ■ h{X){dimX) — > 1 in Ai. It 
is required that the composite of the twist by dim X of multiplication of the algebra 
h{X) with i^x should define a duality pairing between h{X) and h{X){dimX), and 
that the vx be compatible with the isomorphisms and products in V. A morphism 
from {M,h,iy) to {M',h\iy') is a Tate Q-tensor functor T : M ^ M' such that 
Th = h' and T{vx) — v'x for every X. To a Poincare duality theory {M, h, i/) with 
source V we assign a Chow theory Hom7\4(l, )(•)) with source V, which sends 
X to the graded Q-algebra with component Hom^(l, /i(Ar)(j)) of degree i. This 
assignment extends in an evident way to a functor from Poincare duality theories to 
Chow theories with source V. The functor so defined has a fully faithful left adjoint, 
which sends a Chow theory with source V to its associated Poincare duality theory. 
If {Ai, h, J/) is the Poincare duality theory associated to a Chow theory, then each 
object of M can be written uniquely in the form h{X){i). In particular A4 is rigid. 
It is however in general not pseudo-abelian: the usual categories of motives are 
obtained by passing to a pseudo-abelian hull. 



The targets of the Poincare duality theories associated to the Chow theories in (1) 
and |(2)[ are closely related to the category .M^q of Q-linear abelian Chow motives, 
generated by the motives abelian varieties over F. The quotient Mf^Q of Mp'q is 
the category of Q-linear abelian motives modulo numerical equivalence. We have 
Poincare duality theories (A^^'^q, h"^^, ly'^^) and (ATft^q, h'^^^V'^^) with source ASp, 
where h'^^ and h'^^ are the usual cohomology functors sending an abelian variety 
to its motive. The projection A4^q -^f'q is then a morphism of Poincare 
duality theories. For every A, the involution {—1)a of A induces an involution 



on the algebras h'^^{A) and h'^'^{A). The proofs of both (1) and (2) rely on the 



following fact (cf. Theorem 15. 2. ip : if R and R' are commutative algebras with an 
involution in Aif^Q lying respectively above h^^{A) and h'^^lA') in Mp'q, then 
above every morphism h'^^{A) h'^^lA') of algebras with involution there lies a 
unique morphism of algebras with involution R R' . 

It is known that A4^q is a Kimura category. A Q-tensor category C is said 
to be a Kimura category if it is rigid with End(l) = Q, and if each object of C 
is a direct sum of an object for which some exterior power is and an object for 
which some symmetric power is 0. If C is such a category, then C is a Kimura 
category which is semisimple abelian. The following splitting theorem proved in 



[3], (cf. Theorem l4.4.6p is fundamental for the proof (1) if C is a Kimura Q-tensor 



category, then the projection C ^ C has a right inverse. The following unique lifting 
theorem (cf. Theorem 14.4. 7p . which will be proved in Section IH is fundamental for 
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the proof of |(2)| : if V and C are Kimura Q-tensor categories, then between any two 
hftings V C along the projection C ^ C of a faithful Q-tensor functor T) ^ C 
there exists a tensor isomorphism lying above the identity. 

Once the above abstract machinery has been constructed, the proofs of (1) and 



(2)[ are straightforward. In the case of (1) (cf. Theorem IG.l.ip . we consider the 
Poincare duality theory {M,h,iy) associated to C. Then the Poincare duality as- 
sociated to C is of the form {Ai,h,17), and the morphism P from {A4,h,iy) to 
{A4,h,T') induced by the projection C ^ C is given by the projection A4 M.. 
Since the associated Poincare duality theory functor is fully faithful, it is enough 
to show that P has a right inverse. Now by the universal property of /i, v) we 
have an embedding of M. into A^^^^'^q- In particular the pseudo-abelian hull of M 
is a Kimura category. The splitting theorem for such categories then shows that 
there is a Q-tensor functor T right inverse to P. In general, such a T will not be a 
morphism from (A^, h,v) to {M, h, v). However the theorem on algebras with in- 
volution associated to abelian varieties gives a canonical isomorphism ^ : h — > Th. 
We can use ^ to modify T so that the condition h = Th is satisfied. We can then 
modify T again so that in addition T is a Tate Q-tensor functor. Such a T is 
necessarily compatible with V and v, and hence gives the required right inverse. 

In the case of |(2)| (cf. Theorem 16. 2. 5p . we consider the Poincare duality theories 
(A^o, ho, vo) and {Mi, hi, vi) associated respectively to Ca and Ca- The morphism 
P induced by the projection Ca Ca is given by the projection M.i — > Mi, and 
the morphism K induced by the embedding Ca — > C a is given by a faithful Q-tensor 
functor Mq ^ Ml- It is enough to show that any two liftings of K' and K" of 
K along P coincide. The pseudo-abelian hulls of both Mi and (since £a contains 
the (— Mq are Kimura categories. By the unique lifting theorem for such 
categories there is a tensor isomorphism ip : K' ^ K" lying above the identity of 
K. Since K' and K" are morphisms of Poincare duality theories, K'Hq and K"ho 
coincide with hi. Thus ipho is an automorphism of hi above the identity of ho- 
The theorem on algebras with involution associated to abelian varieties then shows 
that every ifihoiA") — (</'ft-o)A" is the identity. It is immediate that every (^i(i) is 
the identity. Since K' and K" are Tate fc-tensor functors, and every object of Mq 
is of the form ho{A'^){i), it follows that if is the identity and K' — K" . 



This paper is organised as follows. In Section[2l we recall what is needed concern- 
ing tensor categories and rigid categories. The only new results are Lemma 12.3.11 
and those in 12.51 Section [3] gives the definitions for Chow and Poincare duality 
theories and the construction of the associated Poincare duality theory. Section [4] 
contains what is needed concerning Kimura categories. The main new results are 
the characterisation of symmetric Hopf algebras in a Kimura category in 14. 3[ and 
the unique lifting theorem for Kimura categories in 14.41 Motives are considered in 
Section [51 particularly from the point of view of Kimura categories. We work over 
a regular noetherian base, subject to some technical conditions, and with cycles 
linear over an arbitrary field of characteristic zero. The main result needed for 
the proof of the theorems on symmetrically distinguished cycles is Theorem I5.1.6[ 
giving the structure of the motive of an abelian scheme. This is essentially due to 
Kiinnemann [12j . but is here obtained as an application of the Hopf theorem of 
14.31 It is used in l5.2l to prove Theorem 15 . 2 . II on algebras with involution associated 
to abelian schemes, on which Theorems 16.1.11 and 16.2.51 depend. A brief account 
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of the motivic algebra, which is a commutative algebra in the category of ind- 
objects of abelian motives modulo numerical equivalence describing the structure 
of abelian Chow motives, is given in 15.31 This will not be required in Section [S] 
Theorems 16.1.11 and 16.2.51 are proved in Section [6] by the method outlined above. 
We work with Chow groups of abelian schemes with coefficients in a field of char- 
acteristic 0, modulo an equivalence relation. The main remaining difficulty is the 
proof of the criterion for a symmetrically distinguished cycle given in Lemma 16.2.41 
In 16.31 some potential applications of the methods used here to varieties other than 
abelian varieties are discussed. 

Throughout this paper, k denotes a commutative ring, which from Section [4] 
on is a field of characteristic zero. If C is a category, we also write C{M, N) for 
Home (M, TV), and if T : C — > C is a functor we write Tm,n for the map from 
C{M,N) to C'{T{M),T{N)) defined by T. A category wih' be called essentially 
small if it is equivalent to a small category. A morphism in a category will be called 
a section if it has a left inverse and a retraction if it has a right inverse. 

2. Tensor categories 

2.1. Pretensor categories. Recall (see for example [T3j, XI.l) that a symmetric 
monoidal category is a category C equipped with a with a functor (8) : C x C ^ C, 
the tensor product, an object 1, the unit, natural isomorphisms from (L M) (g) N 
to L (g) (M (g) N), the associativities, from M (g) N to N (g) M, the symmetries, and 
from l(giM to M and M (gl to M , subject to appropriate compatibility conditions. 
If C and C symmetric monoidal categories, a symmetric monoidal functor (called 
a braided strong monoidal functor in [13], XI. 2) from C to C is a functor T from 
C to C equipped with natural isomorphisms, the structural isomorphisms, from 
1 to T(l) and T(M) (g) T{N) to T{M (g) N), subject to appropriate compatibility 
conditions with the symmetric monoidal structures of C and C . If T and T' are 
symmetric monoidal functors from C to C, then a monoidal natural transformation 
from T to T' is a natural transformation ip from T to T' such that, modulo the 
structural isomorphisms, ipi coincides with li and (pM0N with (pM ® fN- 

Let C be a symmetric monoidal category. Given for each pair of objects M 
and iV of C an isomorphism Cm,n in C with target M (g N, there exists a unique 
symmetric monoidal category C with the same underlying category as C such that 
we have a symmetric monoidal functor C — > C which is the identity on underlying 
categories and whose structural morphisms are li and the Cm.n- We say that C 
is obtained by modifying the tensor product of C according to the family (Cm.n)- 
Let r be a symmetric monoidal functor from C to C Given for each object M 
of C an isomorphism S^m in C with target T{M), there exists a unique symmetric 
monoidal functor T from C to C such that the S^m are the components of a monoidal 
isomorphism from T to T . We say that T is obtained by modifying T according to 
the family (^m). 

The unit 1 of a symmetric monoidal category C is said to be strict if the isomor- 
phisms 1 g) M ^ M and M g)l ^ M are identities. The symmetric monoidal 
functor T from C to C is said to strictly preserve the units if 1 ^ 2^(1) is the 
identity. If the units of C and C are strict and T strictly preserves them, then the 
structural isomorphism T(M) g) T{N) ^ T{M ® TV) of T is the identity whenever 
M or iV is 1. We obtain from any symmetric monoidal category C a symmetric 
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monoidal category whose unit is strict by modifying the tensor product of C ac- 
cording to the family (Cm, at) with Ca/.a the inverse oi 1 (S^ N ^ N when M = 1, 
the inverse of M (g) 1 ^ M when = 1, and the identity otherwise. Similarly 
we obtain from any symmetric monoidal functor T a symmetric monoidal functor 
which strictly preserves the units by modifying T according to the family (^m) with 
the structural isomorphism 1 ^ 7^(1) when M = 1 and the identity otherwise. 

In what follows, it will always be assumed unless the contrary is stated that 
the units of any symmetric monoidal categories that occur are strict and that any 
symmetric monoidal functors that occur strictly preserve the units. When modifying 
the tensor product of a symmetric monoidal category according to a family (Ca/.a), 
it will then be necessary to require that Cm,n be the identity when either M or N 
is 1. Similarly when modifying a symmetric monoidal functor according to a family 
{^m) it will be necessary to require that be the identity. 

A symmetric monoidal category is said to be strict if each of its associativities is 
the identity, and a symmetric monoidal functor is said to be strict if each of its struc- 
tural isomorphisms is the identity. In a strict symmetric monoidal category multiple 
tensor products may be written without brackets. For any symmetric monoidal cat- 
egory C, there is a strict symmetric monoidal category C and a strict symmetric 
monoidal functor from C to C which is an equivalence ([13], Theorem XI.2.1). Any 
symmetric monoidal functor T has a factorisation T = T"T', essentially unique, 
with T' a strict symmetric monoidal functor which is bijective on objects and T" 
fully faithful. 

Even if a symmetric monoidal category is not strict, we still often write multiple 
tensor products without brackets when it is of no importance which bracketing is 
chosen. The tensor product of n copies of an object M will then be written M®", 
and similarly for morphisms. Using the appropriate symmetries and associativities, 
we obtain an action of the symmetric group &„ of degree n on M®" by permuting 
the factors. 

Let V be a category in which finite products exist. To choose a final object 1 
and a specific product and projections for every pair of objects in V, such that the 
projections X x 1 ^ X and 1 x X ^ X are identities, is the same as to choose a 
symmetric monoidal structure on V such that 1 is a final object of V and for every 
X and Y the morphisms X ®Y X and X Y Y given by tensoring X with 
Y ^ 1 and X ^ 1 with Y are the projections of a product. When such a choice 
has been made, V is said to be a cartesian monoidal category. Let V and V' be 
cartesian monoidal categories and -E be a functor from V to V". Then E will be 
called product-preserving if i?(l) = 1 and the canonical morphism from E{X x Y) 
to E{X) X E{Y) is an isomorphism for every X and Y in V. The functor E has a 
symmetric monoidal structure if and only if it is product-preserving, and when this 
is so the symmetric monoidal structure is unique. 

Let fc be a commutative ring. Then a fc-linear category is a category with small 
hom-sets equipped with a structure of fc-module on each hom-set such that com- 
position is fc-bilinear. A fc-linear functor of fc-linear categories is a functor which 
is fc-linear on hom-sets. Recall that idempotents can be lifted along any a surjec- 
tive homomorphism R R' oi (not necessarily commutative) rings whose kernel 
consists of nilpotent elements: replacing R by its subring generated by any lifting 
of an idempotent in R' , we may suppose that R is commutative. It follows that 
idempotent endomorphisms can be lifted along any full fc-linear functor T for which 
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every endomorphism annulled by T is nilpotent. Similarly such a T reflects isomor- 
phisms, sections and retractions. The tensor product Ci ®kC2 over k of two /c-linear 
categories Ci and C2 is defined as follows. Its set of objects is Ob(Ci) x Ob(C2), and 

(Ci ®kC2){{Mi,M2),{Ni,N2))^Ci{Mi,Ni)®kC2{M2,N2). 

The identities and composition of Ci ®k C2 are defined component-wise, so that for 
example the composite of a\ 0fc 02 with h\ ®k f>2 is (61 o ai) ®jt (62 o 0,2)- 

Wc define a k-pretensor category as a /c-linear category C equipped with a struc- 
ture of symmetric monoidal category such that the tensor product is fc-bilinear on 
hom-sets. The tensor product of C may then be regarded as a fc-linear functor 
C ®k C C. If C and C arc A:-prctensor categories, then a fc-tensor fimctor from 
C to C is a symmetric monoidal functor from C to C whose underlying functor is 
fc-linear. A monoidal isomorphism between fc-tensor functors will also be called a 
tensor isomorphism. As with symmetric monoidal categories, it will be assmned 
unless the contrary is stated that the units of any k-pretensor categories are strict, 
and any k-tensor functors strictly preserve them. 

A tensor ideal J in a, fc-pretensor category C is an assignment to every pair 
of objects M and iV in C of a fc-submodule J{M,N) of C{M,N), such that the 
composite of any morphism in J7 on the left or right with a morphism of C lies in J 
and the tensor product of any morphism of on the left or right with a morphism 
of C, or equivalently with an object of C, lies in J. Factoring out the J{M, N), we 
obtain the quotient fc-pretensor category C/J of C by J. The projection C — > C/J 
onto C/J is then a strict fc-tensor functor with kernel J . If Co is a full fc-pretensor 
of C, then any tensor ideal Jo can be extended to a tensor ideal ^7 of C. The smallest 
such J is given by taking as J{M, N) the fc-submodule of C{M, N) generated by 
the M ^ TV of the form h o g o f with g in Jq. A morphism / of C is said to be 
tensor nilpotent if /®" = for some n. The tensor nilpotent morphisms form a 
tensor ideal of C. We denote by Cred the quotient of C by this tensor ideal. 

Let Ci and C2 be fc-pretensor categories. Then Ci (®k C2 has a canonical structure 
of fc-pretensor category, with tensor product, unit, associativities and symmetries 
defined component-wise. There are canonical strict fc-tensor functors /i = (— , 1) 
from Ci to Ci (^k C2 and I2 ~ {1, — ) from C2 to Ci (Sfe C2. Given fc-tensor functors Pi 
from Ci to Vi and P2 from C2 to V2 , we define component- wise the fc-tensor functor 
Pi®kP2 from Ci(8)feC2 to I>i(8)fcl>2. If T>i = 1)2 = C, then there is a fc-tensor functor 
P : Ci ®k C2 ^ C such that PIi = Pi and PI2 = P2- Indeed by composing with 
Pi ®fe P2 we reduce to the case where Ci = C = C2 and Pi = Idc = P2- We may 
then take as P the functor C ®fc C — > C that sends the object (Mi, M2) to Mi (g) M2 
and the morphism fi f2 to fi ® /2, with structural isomorphisms defined using 
the appropriate symmetries and associativities in C. Given also P' : Ci ®k C2 ^ C 
with P'li = Pi and P'l2 = P2, there is a unique tensor isomorphism <p from P to 
P' with ipli and (pl2 the identity. 

An algebra in a fc-pretensor category C is an object i? in C together with mor- 
phisms i : 1 — > i?, the unit, and /i : i? (g) i? — > i?, the multiplication, such that /i 
satisfies the usual associativity condition, and l is a left an right identity for fi. If 
R and R' are algebras in C with units i and c' and multiplications fi and /x', their 
tensor product R<^R' has a structure of algebra, with unit iiSit' and multiplication 
the composite of the appropriate symmetries and associativities with /i ® /i'. The 
algebra R is said to be commutative if composing the symmetry interchanging the 
two factors in i? (g) i? with the multiplication fj, leaves fj, unchanged. 
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A fc-linear category is said to be pseudo-ahelian if it has a zero object and direct 
sums, and if every idempotent endomorphism has an image. We define a k-tensor 
category as a fc-pretensor category whose underlying fc-Hnear category is pseudo- 
abeHan. 

Given a commutative monoid Z, a Z-graded k-tensor category is a fc-tensor 
category C together with a strictly full subcategory Ci of C for each i ^ Z, such that 
every object of C is a coproduct of objects in the Ci, and such that 1 lies in Co, the 
tensor product of an object in Ci with an object in Cj lies in Ci+j, and C{M, N) — 
for AI in Ci and N in Cj with i ^ j. To any Z/2-graded /c-tensor category C there 
is associated a fc-tensor category C\ obtained by modifying the symmetry of C 
according to the Z/2-grading. The underlying fc-linear category, tensor product and 
associativities of are the same as those of C, but the symmetry M®N ^ N ®M 
m is given by multiplying that in C by (—1)'-' when M lies in Ci and A'^ in Cj, 
and then extending by linearity. 

2.2. Pseudo-abelian hulls and ind-completions. A pseudo-ahelian hull of a 
fc-linear category C is a pseudo-abelian fc-linear category C' containing C as a full 
subcategory, such that every object of C is a direct summand of a direct sum of 
objects in C. A pseudo-abelian hull exists for any C and is unique up to fc-linear 
equivalence. We have in fact the following more precise form of the uniqueness. 
Let C be a full subcategory of a fc-linear category C such that every object of C is 
a direct summand of a direct sum of objects in C. Then given two fc-linear func- 
tors C C", any natural transformation between their restrictions to C extends 
uniquely to a natural transformation between the functors themselves. Further if 
C" is pseudo-abelian, then any fc-linear functor C — > C" extends to a fc-linear functor 
C ^ C". 

A pseudo-abelian hull of a fc-pretensor category C is a fc-pretensor category C 
containing C as a full fc-pretensor subcategory, such that the underlying fc-linear 
category of C is a pseudo-abelian hull of the underlying fc-linear category of C. 
To see that it exists, start with a pseudo-abelian hull C of the underlying fc-linear 
category of C. Then every object of C ®k C is a direct summand of a direct sum of 
objects of C (g)fc C. The tensor product ® oiC composed with the embedding C ^ C 
thus extends to a fc-linear functor ®' from C' (8>/c C to C, and we may assume that 
1 ®' — and — ®' \ are the identity of C. The associativities and symmetries for 
® then extend uniquely to associativities and symmetries for ®\ and the required 
compatibilities follow from those for (3. A similar argument shows that if C is a 
pseudo-abelian hull of the fc-pretensor category C, then any fc-tensor functor C — + C" 
with C" pseudo-abelian extends uniquely up to tensor isomorphism to a fc-tensor 
functor C — » C". In particular a pseudo-abelian hull of a fc-pretensor category is 
unique up to fc-tensor equivalence. 

Let C be a category with small hom-sets. By a filtered system in C we mean a 
functor to C from a small filtered category. An ind- completion of C is a category 
C with small hom-sets containing C as a full subcategory, such that the colimit of 
every filtered system in C exists in C, every object of C is the colimit a filtered 
system in C, and C'(M, — ) preserves colimits of filtered systems in C for every M in 
C. The category Ind(C) of ind-objects of C ([4], 8.2.4, 8.2.5), where C is identified 
with the full subcategory of constant ind-objects, is an ind-completion of C. An 
ind-completion is unique up to equivalence. We have in fact the following more 
precise form of the uniqueness. Let C be a full subcategory of a category C with 
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small hom-sets, such that every object of C is the colimit of a filtered system in 
C and C'(M, — ) preserves colimits of filtered systems in C for every M in C. Then 
given two functors C — > C" which preserve colimits of filtered systems in C, any 
natural transformation between their restriction to C extends uniquely to a natural 
transformation between the functors themselves. Further any functor C — > C" for 
which the image in C" of every filtered system in C has a colimit extends to a functor 
C C" which preserves colimits of filtered systems in C. Also if C has a fc-linear 
structure it extends uniquely to C, and a functor from C to a fc-linear category 
which preserves colimits of filtered systems in C is fc-linear when its restriction to 
C is. 

An ind-completion of a fc-pretcnsor category C is a fc-pretensor category C con- 
taining C as a full /c-pretensor subcategory, such that the underlying category of 
C is an ind-completion of the underlying category of C, and such that the tensor 
product with any object of C preserves colimits of filtered systems in C. To sec that 
it exists, start with an ind-completion C of the underlying category of C. Then 
C X C is an ind-completion of the category C x C. Now define the tensor product 
iSi' : C X C C, assocdativities and symmetries of C in a similar way to the case 
of a pseudo-abelian hull of a /c-pretensor category above. When C is equipped 
with the unique fc-linear structure extending that of C, it is then easily checked 
that 0' is fc-bilinear on hom-spaces. A similar argument shows that if C is an 
ind-completion of the fc-pretensor category C, then any fc-tensor functor C C" for 
which the image in C" of every filtered system in C has a colimit extends uniquely 
up to tensor isomorphism to a fc-tensor functor C C" which preserves colimits 
of filtered systems in C. In particular an ind-completion of a fc-pretensor category 
is unique up to fc-tensor equivalence. 

Let C be a fc-linear category and C bo an ind-completion of C, equipped with 
the unique fc-linear structure extending that of C. Then applying (— )°'^ shows that 
restriction from C°p to C°p defines an equivalence between the category TL of those 
fc-linear functors from C°p to fc-modules which preserve the limit of T°p — > C°p 
for every filtered system T ^ C in C and the category of all fc-linear functors 
from C°P to fc-modules. Suppose now that C is essentially small and semisimple 
abelian. Then every i? in W is representable. Indeed define as follows an object 
L of C and an element I of H{L) which represent H . Choose a small set Co of 
representatives for isomorphism classes of objects of C. Then we have a small 
category V whose objects are pairs (M, m) with M £ Cq and m G H{M), where 
a morphism {M,m) (M',to') is a morphism f : M ^ M' in C such that H{f) 
sends m! to m. There is an evident forgetful functor V ^ C. Since C is semisimple 
abelian, the category C°p has finite limits, and the restriction of H to C°p preserves 
them. Thus given a finite diagram V any limiting cone in C°p with base 

p ^ -pop ^ (-op g^jjj vertex in Co lifts uniquely to a cone in P°p with base V^V°p, 
as follows by taking the limit of the diagram of fc-modules obtained by composing 
D C°P with H. Hence V is filtered. Now take as L the colimit colim(M.m)eT' M 
in C, and as I the element of H{L) = lua(^M,m)ev H{M) with component to at 
{M,m) € V. Then I defines an isomorphism C{M,L) H(M) for every M in Cq 
and hence for every M vn C. 

2.3. Rigid categories. Let C be a fc-pretensor category. A duality pairing in C 
is a quadruple {M, M'^ ,r],s), consisting of objects M and of C and a unit 
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77 : 1 Af^ ® M and a counit e : M ® 1 satisfying triangular identities 

analogous to those for an adjunction ([13 , p. 85). Explicitly, {e®M)oa^'^o[M®rf) 
is required to be the identity of M and (M^ ® e) oa o [rj ® M^) the identity of 
M^, where a and a are the associativities. When such a duality pairing exists, M 
is said to be dualisable, and (Af, M^,??, e) to be a duality pairing for M and Af^ 
to be a dual for Af. 

Given duality pairings (A/, Af^, 77, e) for Af and (Af', Af'^, 77', e') for A/', any 
morphisni f : M ^ M' has a transpose : Af'^ ^ Af^, characterised by the 
condition 

(2.3.1) eo(Af®/^) = e'o(/® Af'^), 

or by a similar condition using 77 and 77'. Explicitly, is the composite of rj®M'^, 
the appropriate associativity, M"^ ®{f ®M'^), and ®£' . It follows in particular 
from (|2.3.ip and the similar condition using the units that a duality pairing for M 
is determined uniquely up to unique isomorphism, and that the unit of a duality 
pairing is determined uniquely when the counit is given, and conversely. Also 
(lAf)^ = lMv and (/'o/)^ = r o,r. 

The identity duality pairing inCis(l,l,li,li). The tensor product of the dual- 
ity pairings (Af', Af'^, e') and (A4"", Af"^, 77", e") is {M' ® M" .M"" ® M"'^ ,r],£) 
with 77 and £ obtained from -q ® rj' and £ ® e' by composing with the appropriate 
symmetries. The dual of the duality pairing {M,M^ ,rj,e) is (Af^ , Af , 77, ?) with 77 
and £ obtained from 77 and e by composing with the appropriate symmetries. The 
set of dualisable objects of C is closed under the formation of tensor products and 
duals, and when C is pseudo-abelian it is closed under the formation of direct sums 
and direct summands. Any fc-tensor functor sends dualisable objects to dualisable 
objects. If M is dualisable in C, then the component at M of any monoidal natural 
transformation Lp of fc-tensor functors with source C is an isomorphism, with inverse 
the transpose of tpu'^ ■ 

The trace tr(/) of an endomorphism / of a dualisable object M of C is defined 
as the endomorphism £ o {f ® M'^) o 77 of 1, where e is the counit of a duality 
pairing for M and rj is the unit of the dual pairing. The trace does not depend 
on the duality pairing chosen for M, and it is preserved by fc-tensor functors. We 
have tr(/^) = tr(/), and if /' is an endomorphism of a dualisable object then 
tr(/ (g) /') — tr(/) tr(/'). The rank of M is defined as tr(lM)- More generally the 
contraction N ^ N' oi a, morphism f : N ® M ^ N' ® M with respect to M 
is defined as the composite, modulo the appropriate associativities, oi N ®rj with 
f^M"^ and N' ^£. Again it does not depend on the duality chosen for M. For any 
j : M ^ M, the contraction of I ^ j with respect to M is tr(j)L If M is the direct 
sum of A^i, A^2, • ■ • , then the contraction oi N ® M ^ N' ® M with respect to 
M is the sum of the contractions of the diagonal components N ® Mi N' ® Mi 
with respect to the Mi. 

If {M, M^ ,r}, e) is a duality pairing for M in C, then the composite oi g : N ^ M 
and h : M L is given by the composite of N o rj, the appropriate associativity, 
{g (X) Af^) ® h, and e O L, or equivalently by the contraction with respect to M 
oi g ® h composed with the appropriate symmetry. To verify this, we reduce to 
the case where C is strict by applying a strict fc-tensor functor T : C ^ C with 
T an equivalence and C strict and replacing C by C. It then suffices to use the 
triangular identity (e ® Af) o (Af (® rj) = 1m- It follows that if N is also dualisable 
then tv(g oh) — tr(/i o g). It also follows by induction on n that the composite of 
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n morphisms between dualisable objects lies in the tensor ideal generated by their 
tensor product. A tensor nilpotent endomorphism of a dualisable object is thus 
nilpotent. 

Given objects L, M and N in C, and a duality pairing {M, M"^ ,1], e) for M, we 
have a canonical isomorphism 

(2.3.2) WM,£;JV,L : C{N, M'^ ® L) ^ C{M ® N, L) 
which sends f : N (® L to the composite 

M(®N M (g) (M^ (g) L) ^ (M M^) (g) L ^ L. 

Its inverse sends g : M (g) N ^ L to the composite oi rj ® N, the appropriate 
associativity, and ®g. This can be checked using the triangular identities, after 
first reducing to the case where C is strict. When = 1, we write (|2.3.2p as 

(2.3.3) LUM.e;L : C(l, A/^ (g>L)^ C{M, L). 

If / : 1 M'^ (g) M is a morphism in C and e : M g) ^ 1 is the counit of a 
duality pairing for A/ and e : Af ^ g) A/ ^ 1 is the counit of its dual, then 

(2.3.4) WM',e';M(/)^ = ujm-^j-.m'-^ (c^ ° /): 

where the transpose is defined using e and e' , and a is the symmetry interchanging 
Af'v and Af. Given /' : 1 ^ AT'^ (g L' and /":!-> M"'^ g) L", we have 

(2.3.5) l^M' ,e' ■,L'{f') ® l^M" ,e" ,L"{f") — ^M'®M" ,e;L'®L" 

where e : g) Af ^ 1 is the counit of the tensor product of the duality pairings 
with counits e' : Af'^ g) Af' ^ 1 and e" : M"^ g) Af" 1, and p is the symmetry 
that interchanges the middle two factors of (Af'^ g) L') g) (Af"^ g) L"). Given 
/ : 1 ^ Af ^ g) Af' and /' : 1 ^ Af'^ (g Af", we have 

(2.3.6) UJM',e';M" W) ° ^M,e;Av{f) = C^M,s;M" ((A^^ ® {s' ® M")) o A o (/ ® /')), 

where A : (Af'^(gAf')(g(Af'^g)Af") ^ M'^g)((Af'g)Af'^)(gA/f") is the associativity. 
To verify (|2.3.6p . we may suppose that C is strict. Then the left hand side of (|2.3.6p 
is the composite of Af g) ry' with ujALs-M'if) ® Af'^ (g> ujM',e;M"if') and e' g) AT"^, 
where rj' : 1 ^ M'^ g) Af ' is the unit, and it suffices to use the triangular identity 
(e' g) Af') o (Af' g) ry') = Im'- Given w : Af AT ' and duahty pairings for Af and 
Af' with respective counits e : Af^ Af — > 1 and e' : Af'^ g) Af' ^ 1, we have 

(2.3.7) « = c^M,e;M'((« ® A^"')'' ° e""), 

where the transposes are taken using the counits defined by s and s' . Indeed 

r -e'o(c^M,e;A/'(/)® Af'^) 

for any / : 1 — » Af ^ (g) Af ', by the definition of the counits for the dual and tensor 
product. Taking the transpose and applying WM,e;M' now gives (|2.3.7p . because 
V = WM,e;M'(/) for some /. 

A /c-pretensor category is said to be rigid if each of its objects is dualisable. 
In a rigid fc-pretensor category, every tensor nilpotent endomorphism is nilpotent. 
In view of the isomorphism (j2.3.3|) . it is enough for many purposes to consider 
only those hom-spaces in a rigid fc-pretensor category C of the form C{1,N), or 
alternatively C{N, 1). For example the assignment i-^ ^/(l, — ) defines a bijection 
between tensor ideals of C and fc-hnear subfunctors of C(l, — ) from C to /c-modules. 
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Let C be a rigid fc-pretensor category with End(l) a field. Then C lias a unique 
maximal tensor ideal Rad(C), corresponding to the fc-linear subfunctor of C(l,— ) 
that sends to the set of those morphisms 1 — > iV which are not sections. The 
morphisms f : M —>■ N oi C in Rad(C) are those for which tr(/ o g) = for every 
g:N^M.We write C for C/Rad(C). 

Let P be a rigid fc-pretensor category, li T : V ^ V is a fc-tensor functor such 
that Ti^N ■■ V{1,N) V'{1,T{N)) is surjective for every N in 2?, then T is fuU. 
To sec this wo reduce after factoring T as a strict fc-tensor functor composed with 
a fully faithful fc-tensor functor to the case where T is strict. If M is an object of 
T) and e : M ® ^ 1 is the counit of a duality pairing for M, then Tie) is the 
counit of a duality pairing for T{M). For any / : 1 ^ ^ N we have 

(r(/)) = T{u;M,eMf))- 
Since the omega are isomorphisms, Tm.n is thus surjective when T\,N()S^M'^ is sur- 
jective. That T is faithful when the Tx,n can be seen in the same way, or deduced 
from the remark on tensor ideals above. Similarly if T\ and T2 are strict fc-tensor 
functors T) ^ V which coincide on objects of V and on hom-spaccs of V of the 
form I?(1,A^) for N in V, then Ti = T2, because Ti(r7) = 12(77) for every unit ry 
impUes Ti(e) = T2{e) for every counit e. Replacing V and V by I>°p and I>'°p 
shows that similar results hold with 2?(A^, 1) instead of N). 

Let C be a fc-pretensor category and R be commutative algebra in C. An i?- mod- 
ule in C is an object M ofC together with a morphism R®M ^ M, or equivalently 
M®R ^ M, which satisfies the usual unit and associativity conditions. The tensor 
product M N of the i?-modules M and N is defined as the coequaliser of the 
two morphisms 

R®{M®N)^M®N 
obtained using the actions of i? on M and on N, provided that this coequaliser 
exists and is preserved by tensor product with any object of C. If either M or 
N is free, i.e. isomorphic to an _R-module R $5 L for some object L of C, then 
M N exists: when N = R^ L for example it is given hy M ^ L. Thus we 
obtain a fc-pretensor category of free i?- modules in C with tensor product (8)ij, and 
a fc-tensor fmictor R (x) — to it from C. 

More generally, suppose that C is a full fc-pretensor subcategory of a fc-pretensor 
category C, and let i? be a commutative algebra in C. Then we have a fc-pretensor 
category of free i?-modules in C on objects of C, consisting of the i?-modules iso- 
morphic to R® M with M in C. It will be convenient for what follows to consider 
the fc-tensor equivalent category Tr, obtained by factoring the fc-tensor functor 
i? (Xi — from C to free i?-modules as a strict fc-tensor functor : C J-r which 
is bijective on objects followed by a fully faithful fc-tensor functor. Explicitly, each 
object of can be written uniquely in the form Fr{M) with M an object of C, 
and a morphism from Fr{M) to Fr{N) is a morphism of i?- modules from R® M 
io R® N, with composition that of morphisms of i?-modules. We then have a 
canonical isomorphism 

(2.3.8) eR,M,N : Tr{Fr{M), Fr{N)) ^ C{M, R®N) 

for every M and N in C, given by composing with t® M, where t : 1 — > i? is the 

unit of R. The functor Fr sends f : M ^ N in C to R (E) f. The tensor product of 
a : Fr{M) Fr{N) and a' : Fr{M') Fr{N') has image under eR.M®M',N®N' 
the composite of 6r-m,n{(i) <H) Or-m' ,n'{o-') with the symmetry interchanging the 
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middle two factors of its target and fj, (E) N (E) N' , where fi is the multiplication 
R IS) R ^ R- In what follows, C will always be an ind-completion of C. 

Let M : i? — > i?' be a morphism of commutative algebras in C. Then we have 
a strict A:-tensor functor JF„ : Tr; which sends the object Fb(M) of Tr to 

Fw(M) and the morphism a : Fr{M) Fr{N) in Tr to a' : Fr,{M) Fr>[n) 
with 

OR'-M,N{a') = {u(g)N)o 6R.M,N{a)- 
It is clear that Fr> — Tu° Fr. Also T^ou = J'vJ'u, and is the identity of Tr. 

Lemma 2.3.1. Let C he a rigid k-pretensor category and C he an ind-completion 
ofC. 

(i) // C is essentially small and semisimple ahelian, then for every k-tensor 
functor T : C ^ B there exists a commutative algehra R in C and a fully 
faithful k-tensor functor I : J-r — > B such that T = IFr. 

(ii) If R and R' are commutative algebras in C, then for every k-tensor functor 
U : J-R J-Rf with Fri ~ UFr there exists a unique morphism of algebras 
u : R R' such that U = Tu ■ 



Proof, (i) Let B be an ind-completion of B. Since the functors Fr are bijective on 
objects, any factorisation of the composite Ti of T with the embedding B ^ B &s 
IiFr with Ii fully faithful gives at the same time a factorisation IFr of T with / 
fully faithful. Hence we may suppose, by replacing B by B and T by Ti, that T 
extends to a fc-tensor functor T : C ^ B which preserves colimits of filtered systems 
in C. Factoring f as T'T" with T' : C B' strict and T" : B' ^ B fully faithful, 
we may further suppose after replacing ;B by T by T', and T by the restriction 
of T' to C, that f is strict. The fc-hnear functor B{f{-), 1) from C°p to /c-modules 
preserves the limit in C°p of T°p C°p for every filtered system X ^ C. Hence 
as was seen in 12.21 this functor is representable, because C is essentially small and 
semisimple abelian. Thus there is an object R of C and a morphism a : T{R) —> 1 
in B such that for each object M of C we obtain an isomorphism 

CM:C{M,R)^B{f{M),l) 

by applying T and then composing with a. The object R has a unique structure of 
commutative algebra in C such that a is a morphism of algebras from T{R) to 1 in 

B. Indeed the image of the multiplication R^ R R under Cr^R is a (g) a and the 
image of the unit 1 ^ R under is li. 

Given a morphism / from Fr{M) to Fr(N), write 

{aE)f{N))of{0R.M,N{f)):fiM)^f{N), 

where 9r-m,n is the isomorphism (|2.3.8p . Then we have a strict fc-tensor functor 
I : Tr ^ B with T = IFr, which sends Fr{M) to T{M) = f{M) and / to /. 
That / strictly preserves tensor products of morphisms follows from the fact that 
T does and that a is a morphism of algebras. To see that / preserves composites 
and identities, and that T = IFr, note that / is the unique morphism for which 

/o (a f (M)) = (a ® f{N)) o f (/), 

where / on the right hand side is regarded as a morphism from RE M to R(E) N in 

C. Indeed if T{N) is regarded as a T(i?)-module in B by means of a : T{R) 1, 
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then both sides are morphisms T{R) (g) T(M) T{N) of r(i?)-modules whose 
composites with the tensor product of the unit 1 — > T{R) and T{M) coincide. 
That / strictly preserves associativities and symmetries is clear because T = IFr 
with Fji bijective on objects and and T strict. 

For every M the homomorphism Ifii(m),Fr(i) of hom-spaces is an isomorphism, 
because it is the composite of the isomorphism Oh-m.i with (m- Since J-j^ is rigid, 
/ is thus fully faithful. 



(ii) Since Fn/ — UFr with bijective on objects and and Fr' strict, U is 



a strict fc-tensor functor. The fc-homomorphisms 

(2.3.9) ^Af = Or'-m,! o UFr.{M),Fn(l) ° {(^R;ALl)~^ 

for M in C are the components of a natural transformation ^ from C{—,R) to 
C(— , R') on C°P. As was seen in 12.21 such a ^ extends uniquely to a natural trans- 
formation of functors on C°p, because the hom- functors on C°p preserve limits. Thus 
^ = C(— ,m) for a unique niorphism u : i? — > i?' in C Considering the image of 
6*^:1,1(1) under shows that u sends the identity of R to the identity of R' . Write 
fj, and n' for the multiplications of R and R'. li b : M R and c : N ^ R are 
morphisms in C with M and iV in C, then since U strictly preserves tensor products 
of morphisms we have 

CM®Ar(/i o (6 (g) c)) = // o (^Af(6) (g ^n{c)). 

It follows that the composites of 5 (g c with u o and with /j,' o (m (g) m) coincide. 
Writing i? (g) i? as the filtered colimit of objects M g) TV thus shows that u o /i and 
o (u (g u) coincide, so that u is a morphism of algebras. 

Since ^ = C(— the equahty (|2.3.9p holds for every M with U replaced by 
Tu- The strict fc-tensor functors U and which coincide on objects of J-r, thus 
also coincide on hom-spaces of the form Tii{Ffi{M) , Fr{1)) . Since Tb^ is rigid, it 
follows that U ^ J-u- li U = Tu' for a morphism of algebras u' : R ^ R', then 
^ = C(— , u'), so that u' — u. □ 

2.4. Free rigid categories. Let (Q!A)AeA be a family of elements of k. A free 
rigid k-tensor category of type {ax)\(z\ is a fc-tensor category TZ together with a 
family {N\)\^\ of objects in TZ with N\ dualisable of rank a\ (i.e. the rank of AI\ 
is the image of ax under k — > End(l)), such that the following universal property 
holds: given a fc-tensor category C, every family (Ma)agA in C with M\ dualisable 
of rank ax is the image of (iVA)AeA under some fc-tensor functor TZ C, and for 
every pair of fc-tensor functors T,T' : TZ C and family {(px)x£A of isomorphisms 
(fix '■ T(Nx) — -> T'(Nx) there exists a unique tensor isomorphism ifi : T ^ T' with 
(fiNx — V\ for each A. Such an TZ, equipped with its universal family (iVA)AeAi is 
unique up to fc-tensor equivalence. Since the identity TZ TZ factors up to tensor 
isomorphism through any full fc-tensor subcategory of TZ containing the A^a and 
their duals, TZ is rigid, and generated as a rigid fc-tensor category by the A^a- 

Results such as Proposition 12 .4. 1] below are well known. We include a proof here 
because there seems to be no convenient reference giving the form required. For 
the proof we need the following notion. A strict rigid fc-pretensor category is a 
strict fc-pretensor category together with an assignment to each of its objects M of 
a duality pairing 

Pm = {M,M'^,'nM,eM) 
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for M, such that Pi is the unit pairing, Pm(SM' is the tensor product of the pairings 
Pm and Pa/', and Pa/^ is the dual pairing of Pm- A strict rigid fc-tcnsor functor 
between two such categories is a strict fc-tensor functor which preserves the assigned 
pairings. Every rigid fc-pretensor category C is fc-tensor equivalent to a strict rigid 
fc-pretensor category. To see this we may suppose that C is a strict fc-pretensor 
category. Choose for each object Af in C a dual Af^. If C has monoid of objects 
r, then the map from F 11 F to F with components M ^ M and M 
extends uniquely to a homomorphism j : V ^ T from the free monoid F' on 
F n F. By pulling back the structure of C along j, we obtain a strict fc-pretensor 
category C with monoid of objects F' and a strict fc-tensor functor C — > C which 
is an equivalence and coincides with j on monoids of objects. If ei and 62 are the 
components F ^ F' of F 11 F ^ F', then there exists for each M in C a duality 
pairing P'ei{M) for ei{M) with dual 62 (Af). Any object M' of C can be written 
uniquely as M'l ® • • • (g) Af'„ with each M'r either ei{M) or 62 (A/) for some A/. We 
obtain a strict rigid structure on C by assigning to M' the tensor product of the 
pairings P'm'^j where P'e^iM) is defined as the pairing dual to P'ei(M)- 

Proposition 2.4.1. For every family {a\)x^\ of elements of k there exists a free 
rigid k-pretensor category of type {a\)\^\. If TZ is such a category and {N\)\^\ is 
its universal family of objects, and i/ Ai , A2 , . . . , A„ are distinct elements of A, then 

(2.4.1) 7e(A^Ai®"^ «> ^A.®"^ • • • <^ 7Va„®''", iVA Nx,^'' • • • ^a„®'") 

is unless ri — Si for i — 1, 2, . . . , n, when it is generated as a k-module by the 
elements tTi(g)CT2® • • ■®a'n, with ai a symmetry permuting the factors Nx. of Nx®^^ ■ 

Proof. Denote by V the category whose objects are pairs (C, {Mx)x&k) consisting 
of a small strict rigid fc-pretensor category C and a family {Mx)x£K of objects in C 
with Mx of rank where a morphism from (C, (A'-fA)AeA) to (C, {M'x)x^k) is a 
strict rigid fc-tensor functor from C to C which sends Mx to M'x. Then V has small 
hom sets. Small limits in V exist: they are given by limits of sets of objects and sets 
of morphisms equipped with the evident tensor product, symmetries and dualities. 
Consider the full subcategory To of V consisting of those (C, (AfA)AGA) such that C 
is generated by {Mx)x&K: in the sense that C has no strictly smaller strictly rigid 
fc-pretensor subcategory (not necessarily full) containing each Mx- It is essentially 
small, because if (C, {Mx)x£k) lies in Vo then the sets of objects and of morphisms 
of C are either countable or of cardinality bounded by that of A. Further every 
object (C, (AfA)AGA) of V is the target of a morphism with source (Co, (A^^oa)aga) 
in Vo, with Co for example the subcategory of C generated by the Mx- Thus ([l3]. 
V.6 Theorem 1) V has an initial object (T^O) (A^A)AeA)- 

The map from AIIA to ObT^o with components A 1— > Nx and A ^ {NxY extends 
uniquely to a homomorphism h from the free monoid on All A to the monoid Ob TZq 
under tensor product. By pulling back the structure of TZq along h, we obtain a 
strict rigid fc-tensor functor TV TZq which coincides with h on monoids of objects. 
It defines a morphism from {TZ' , {N'x)x£a) to (T^-o, (iVA)AGA) in V, with OhTZ' freely 
generated by the A^'a and {N'x)'^ . The identity of {TZq, {Nx)xeA) factors (uniquely) 
through this morphism. It follows that h is an isomorphism from OhTZ' to ObT^-o, 
so that Ob7?.o is freely generated by the Nx and (A^a)^- Thus any object N of TZ 
can be written uniquely as 



iV = TVi 7V2 (g) 



Nr(N) 
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with each Ni either N\ or (A^a)^ for some A. 

If 7^ is a pseudo-abehan huU of the underlying fc-pretensor category of TZq, we 
show that TZ together with {Nx)xeA is a free rigid category of type (aA)AGA- It 
will be enough for this to show that the following two properties hold for every 
essentially small rigid fc-pretensor category C. 

(1) If (A/A)AeA is a family of dualisable objects in C with M\ of rank a\, then 
there is a fc-tensor functor TZq — > C which sends {N\)\^\ to (AfA)AeA- 

(2) If T and T' are fc-tensor functors TZq — > C and {(p\)\eA is a family of 
isomorphisms Lp\ : T{Nx) ^ T'{N\), then there is a unique tensor iso- 
morphism (fi : T ^ T' with (/Sjv^ = (p\ for each A. 

Replacing C by an equivalent category, we may suppose that C is small and has 
a structure of strict rigid fc-pretensor category. Then (1) holds with a strict rigid 



TZo —I- C. We may thus suppose in |(2)| that T is strict rigid. If Sx is the canonical 
isomorphism from T'{N\)'^ to T'{{N\)''^), then the tensor product of the isomor- 
phisms from T{Ni) to T'{Ni) defined by ip\ when Ni = Nx and Sx o ((/3a~^)^ when 
Ni = (^Va)^ is an isomorphism 

T{N) = T(iVi) ® T(N2) ® • ■ • ® r(A^^(Ar)) ^ r'(7Vi) ® T'{N2) ® ■ • ■ ® T'(iV^(^^)). 

Denote hy (pN its composite with the structural isomorphism 

T'{Ni) (g) T'{N2) «)••■«) T'(Nr(N)) ^ T'{Ni (g) (E) ■ ■ ■ (E) Nr(N)) = T'{N) 

of T' . Then ipi = li, so that there is a unique fc-tensor functor T : TZq — > C such 
that the ipN are the components of a tensor isomorphism ip from T to T'. By 
construction, ipN'ig>N" is </?Af' ® <^jv" composed with the structural isomorphism of 
T. Thus T is a strict fc-tensor functor. Since ipN^ is (fx and (p{Nx)'^ is (^a ° (va~^)^, 
the canonical isomorphism from T{Nx)'^ to T{{NxY) is the identity, so that T 
preserves the duality pairings associated to the A^a and hence to all objects of TZq. 
Thus T is a strict rigid fc-tensor functor. Since T{Nx) = T{Nx) for every A, we 
thus have T = T, so that is a tensor isomorphism T — > T' with (p^^ — ipx- The 
only tensor automorphism 9 oiT with each O^^^ the identity is the identity, because 
6»jvv = {{ONyy^ and 9N'(g,N" = On' ® On" for every iV, TV' and N" . Thus (/? is 
unique. This proves [(2)| 

It is enough to prove the statement on hom fc-modules with 7Z replaced by TZq 
in (|2.4.ip . If P and Q are objects of TZq, then to each bijection a from [l,r(P)] 
to [l,r(Q)] such that Qi = Pcr{i) there is associated a symmetry P ^ Q in TZq. 
Denote by S{P, Q) the set of such symmetries. The 5(P, Q) contain all identities 
and symmetries of TZq and are stable under tensor product and composition. Denote 
by TZ'q{P, Q) the fc-submodule of TZq{P, Q) spanned by the elements 

q°{flE)f2®---<Efn)0P 

withp in S{P, P') and q in S{Q, Q') for some P' and Q', where each fi is an identity 
IjV;^ or l(^^-)v, or a unit rj^^ ■ 1 {NxY E) Nx or counit ejva ■ ^\ 8> (-^a)^ 1 for 
some A. The TZ'q{P,Q) contain all identities, symmetries, units 7]n and counits Em 
of TZq, and are stable under tensor product. To see that go f lies in TZ'q{P, R) when 
/ lies in TZ'q{P, Q) and g lies in TZ'q{Q, R), we reduce first to the case where / is of 
the form fi® f2®- ■ fn as above, and then by writing / as a composite to the two 
cases where f is N' ® sn^® N" or N' ®r]N^ ® N" for some TV' and N" . The first 
case is clear. For the second, we reduce using the naturality of the symmetries and 
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the stability of the TZ'o{P, Q) under tensor product to one of the five cases where 
N' = N" = 1 and g is the identity, or N' = N" = 1 and g is e(^N;,y , or N' = Nx, 
N" = 1 and g is en^ ® Nx, or N' = 1, N" = {NxY and g is {Nx^ en^, or 
N' = Nx, N" — [NxY g is £Nx ® ^n^- The respective composites .go / for 
these five cases are rj^^, ctAli, 1^;^, I(Wa)'^' ^^'^ ^n^- The TZ'q{P,Q) thus define 
a (not necessarily full) strict rigid fc-tensor subcategory TZ'q of TZq with the same 
objects. 

The embedding TZ'q TZq is a. morphism {TZ'o, iNx)xeA) ^ C^^-'o, iNx)xeA) in V, 
through which the identity of {TZq, (-/Va)aga) necessarily factors. Thus TZ'q — TZq, 
and TZ'q{P, Q) — TZq{P, Q) for every P and Q. Suppose now that P is the source 
and Q the target in the hom fc-module (|2.4.ip . Then TZ'q{P, Q) and hence (|2.4.H) 
is generated by S{P, Q). Since Q) is empty unless rt = st for i — 1, 2, . . . , n, 
when it coincides with the set oi ai a2 <^ ■ ■ ■ <E) cTn, with Ui a symmetry of Nx^ , 
the statement on hom fc-modules follows. □ 

It is easily shown that the hom fc-module p.4.ip of Proposition 12.4.11 is in fact 
freely generated by the ai (72 8) • ■ • (8) Cn when ri = Si for i = 1, 2, . . . , n, by 
reducing to the case where fc is a polynomial algebra over Z freely generated by 
the ax and then considering fc-tensor functors to the category of Q- vector spaces. 
However this will not be required for what follows. 

2.5. Tate categories. Let C be a fc-pretensor category. An object L of C is called 
invertible if there is an object L' of C such that L ® L' is isomorphic to 1. Every 
invertible object of C has a dual: any isomorphism e : i ® i' — > 1 is the counit of a 
duality pairing between L and L' with unit the composite of e^^ and the symmetry 
L 1^ L' ^ L' (g) L. An invertible object L in C is said to be even if the symmetry 
that interchanges the two factors in L (g) i is the identity. 

We denote by the strict fc-pretensor category with monoid of objects the 
additive group Z, endomorphism fc-algebras fc and all other hom fc-spaces 0, and 
symmetries the identities. Then L is an even invertible object of C if and only if 
there exists a fc-tensor functor Zfc — > C which sends the object 1 of Z^ to L. In fact 
evaluation at 1 G Z^ defines an equivalence from the category of fc-tensor functors 
Zk ^ C and tensor isomorphisms between them to the category of even invertible 
objects of C and isomorphisms between them. 

An object L of C will be said to strictly commute with all objects of C if the 
symmetry N^N' ^ N' (S^N is the identity when either N oi N' is L, and to strictly 
associate with all objects of C if the associativity {N(S)N')(E)N" ^ N(E){N' (E)N") is 
the identity when one of N, N' or N" is L. The identity 1 always strictly commutes 
and strictly associates with all objects of C. 

Definition 2.5.1. A Tate k-pretensor category is a fc-pretensor category C equipped 
with a family of objects {l{m))mez with 1(0) = 1 and l(m) l(n) = l(m -I- n) 
for every m, n e Z, such that 1(to) strictly commutes and strictly associates with 
all objects of C for every m g Z. A Tate k-tensor functor from a Tate fc-preten- 
sor category C to a Tate fc-pretensor category C is a fc-tensor functor T : C — > C 
with T(l(m)) — l(m) for every m £ Z, such that the structural isomorphism 
T(M) ® T{N) ^ T{M N) is the identity when cither M or is l(m) for some 
TO G Z. 

There is a canonical structure of Tate fc-pretensor category on Z^, with 1(to) 
the object m of Z^. Let C be a Tate fc-pretensor category. Then l(m) is an even 
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invertible object in C for every to. In fact there is a unique Tate fc-tensor functor 
from Zfc to C. For any object M of C and integer to, we write 

M(to) = M l(m) = l(m) (g) M, 

and similarly for morphisms of C. We then have 

M{m) (g) N{n) = (Af ® iV)(TO + n) 

for every pair of objects M and of C and of integers m and n. If (Jm,n is the 
symmetry M ®N — > iV®M in C, then (TM{i),N(j) = o'M,Af(i+ j), and similarly for 
the associativities and for the structural isomorphisms of a Tate fc-tensor functor. 

Lemma 2.5.2. Let B be a k-pretensor category and L be an even invertible object 
of B. Then there exists a Tate k-pretensor category B and a strict k -tens or functor 
E : B B, such that 

(a) E is an equivalence, and every object of B can be written uniquely in the 
form E{M){in) with M £ B and m 7i 

(b) E{L) is isomorphic to 1(1) in B. 

Proof. There exists a /c-tensor functor / : ^ S with /(I) = L. Denote by 
Ki : B ^ B ®k'^k and K2 : Zj. ^ B ®k Z^ the strict fc-tensor functors (— , 0) and 
(1, — ). Then there is a fc-tensor functor P : B (S>k '^k B with PKi — Idg and 
PK2 = /. Factor P as 

B(E,kZk^B^B 
with P' a strict fc-tensor functor which is bijective on objects and P" fully faithful. 
If we write E ^ P'Ki and I ^ P'K2, then P"E = Idg andj^"7 = /. Since P" 
is fully faithful, it follows that E is an equivalence and that /(I) is isomorphic to 
E{L) = {EI){1). The objects K2{m) = (1,to) of B ®k Zfc strictly commute and 
strictly associate with all other objects. Since P' is strict and bijective on objects 
the same holds for the /(to) ~ P' {K2{m)) in B. Thus ;B is a Tate fc-pretensor 
category with 1(to) — I{m). □ 

Lemma 2.5.3. LetB andC be Tate k-pretensor categories, T : B C be a k-tensor 
functor, Bq be a subset of OhB, and t : 1(1) ^ r(l(l)) be an isomorphism. 
Suppose that Bq contains 1, and that every object of B can be written uniquely in 
the form M{r), with M g Bq and r 6 Z. Then there is a unique pair (T',ip) 
consisting of a k-tensor functor T' : B ^ C and a tensor isomorphism : T' — > T, 
such that 

(a) T' is a Tate k-tensor functor 

(b) (r'(Af), ipM) = (r(M), 1t(m)) when M e Bq 

(c) = t. 



Proof. Suppose that (a) (b) and (c) hold with {T',Lp) replaced by {Ti,ipi) and by 
(T2, 'P2). Then 9 = {f2)~^ o (^i is a tensor isomorphism Ti — > T2 such that 9m is 
the identity when either M e Bq or M = 1(1). Since Ti and T2 are Tate fc-tensor 
functors, this implies that 9 is the identity and Ti = T2, so that (Ti, ^pi) = {T2, 932 )■ 
Thus the pair (T', ip) is unique if it exists. 

Denote the unique Tate fc-tensor functors from Z^ to B and C by / : Zfe ^ ;B 
and K : Z^ — > C, and the structural isomorphisms of T by 

i^M,N : T{M) (g> T{N) ^ T{M ® N). 
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There is a unique tensor isomorphism t : K — > TI such that ri = By the 
hypotheses on So, there is a (unique) family {ifM)MeOhB of isomorphisms 

(^M : T'{M) ^ T{M) 
in C such that for every Mq £ Ba and to G Z we have T' {Mo{m)) = T{AIa){m) and 

(2.5.1) V'A/o(m) = V'Afoa(m) ° (TiMo) (g) T^). 

Then iy9i = li, so that the assignment M i-^ T'{M) extends uniquely to a fc-tensor 
functor T' : B C such that the LpM are the components of a tensor isomorphism 



if :T' -^T. Clearly [(b)] and [(c)] hold for the pair (T',(p). To show that [(a)] holds 
for (T', (/?), it remains to check that the structural isomorphism 

^A'm.jv : T'{M) ® T'{N) ^ T'{M ® N) 

of T' is the identity when TV = 1(to) with to G Z. We have fMo = iT(Afo) ^^r every 
Mq G So, and <pi(m) = for every to G Z. By compatibility of Lp with the tensor 
products, (|2.5.ip thus also holds if its left hand side is composed on the right with 
^'MoMmy Hence 

for every Mq G So and to G Z. Further (pi — r, so that T'l — K is strict. Hence 

V''l(m'),l(m) = 1 

for every m,m' G Z. By the compatibility of -ip' with the associativities we have 

^'M(m'),l(m) ° H^'mM^') ® = V-'M.lCm+m') ° (^'(M) (g) V''l(m'),l(m) ) 

for every M ^ B and to, to' G Z, because the relevant associativities are identities. 
Taking M — Mq G Sq then shows that V''Mo(m').i(m) — 1 foi" every to, to' G Z. 



Hence (a) holds. □ 



Call a Tate /c-pretensor category separated when M(i) ~ M implies i = for 
every object M and integer i. Let S be a Tate fc-pretensor category. Then using 
Lemmas 12.5.21 and 12.5.31 we can construct as follows a separated Tate fc-pretensor 
category S' and a Tate fc-tensor functor T : B' ^ B such that the underlying 
fc-pretensor category of S' is strict and the underlying fc-tensor functor of T is an 
equivalence. Let i?i : S — > Si be a fc-tensor equivalence to a strict fc-pretensor 
category Si. By Lemma [2.5.21 there is a Tate fc-pretensor category S' and a strict 
fc-tensor functor E' : Bi ^ S' such that E' is an equivalence, every object of S' 
can be written uniquely in the form E'{M){m) for some M in Si and to G Z, and 
{E' El) {1(1)) is isomorphic to 1(1). The associativity 

a : (L' ® M') ® N' ^ L' ^ (M' (g) N') 

in S' is the identity when each of L', M' and N' lies in the image of E' by strictness 
of Si and E' , and also when one of L', M' or N' is of the form 1(to) because S' is a 
Tate fc-pretensor category. Appropriate pentagonal diagrams for the associativities 
in S' then show that a is the identity for every L', M' and A''' in S'. Thus S' 
is strict. Let T' : S' — > S be a fc-tensor functor quasi-inverse to E'Ei. Then 
T'(l(l)) is isomorphic to 1(1). Thus by Lemma 12.5.31 there is a Tate fc-tensor 
functor T : S' — > S which is tensor isomorphic to T', and hence an equivalence. 

Let C be a Tate fc-pretensor category, and {Cm,n) be a family parametrised by 
pairs of objects of C, with (m,n an isomorphism with target M(S)N such that (m,n 
is the identity when either M or iV is 1 and CM(i),N(j) = Ci/.Af (i + j) for every M, 
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i and j. Then by modifying the tensor product of C according to (Ca/,7v) as in 
12. H we obtain a Tate fc-tcnsor functor C ~> C which is the identity on underlying 
A:-hnear categories and has structural isomorphisms the Cm.n- Let T : B C he a 
Tate fc-tensor functor which is injective on objects. Take for Cm,n the inverse 

T(Mi ® Ni) ^ T{Mi) (g) T{Ni) 

of the structural isomorphism of T when Af = T(Mi) and N = T{Ni), and the 
identity oi M(E)N when either M or N is not in the image of T. Then the composite 
T' : B ^ C oi T with C ^ C is a strict Tate fc-tensor functor, and C is separated 
if C is. 

Let ;B be a separated Tate /c-pretensor category. If C is a /c-pretensor cate- 
gory and T : B ^ C \s a. fully faithful fc-tcnsor functor, then there is a separated 
Tate fc-pretensor category B' containing S as a full fc-pretensor subcategory and 
a fc-tensor equivalence E : C ^ B' , such that the embedding B ^ B' is a Tate 
fc-tensor functor which is tensor isomorphic ET. Indeed taking a fc-tensor equiv- 
alence F : C Ci with the set of objects of Ci sufficiently large, and replacing 
C by Ci and T by an appropriate fc-tensor functor tensor isomorphic to FT, we 
may suppose that T is injective on objects. Replacing T by its composite with an 
appropriate fc-tensor functor as in Lemma l2.5.2l we may further suppose that C is 
a separated Tate fc-pretensor category with 1(1) isomorphic to T(l(l)). Since B is 
separated, we may apply Lemma [2.5.31 with a suitable Bq. Thus after replacing T 
may also suppose that T is a Tate fc-tensor functor. Composing with C — > C as 
above and replacing C and T by C and T' we may suppose in addition that T is 
strict. Relabelling appropriately the objects of C now gives a B' and an isomor- 
phism E : C —>■ B' of fc-pretensor categories with the required properties. Using this 
construction, we obtain for example a pseudo-abelian hull or ind-completion B' for 
B with B' a Tate fc-pretensor category and the embedding B B' a Tate fc-tensor 
functor. 

3. Chow theories and Poincare duality theories 

3.1. Chow theories. Recall that a Z-graded fc-module is a family of fc-modules 
parametrised by Z, or equivalently a fc-module M together a family (Mi)igz of 
fc-submodules of M such that M is the coproduct of the Mi. An element of M is 
be said to be homogeneous if it lies Mi for some i. A homomorphism M — > M' 
of degree d of Z-graded fc-modules a homomorphism M — > M' of fc-modules which 
sends Mi into M'i+d. When d = we speak simply of a homomorphism of Z-graded 
fc-modules. A (commutative) Z-graded fc-algebra is a Z-graded fc-module R together 
with a structure of (commutative) algebra on its underlying fc-module such that 
x.y £ Ri+j when x G Ri and y G Rj. A homomorphism of Z-graded fc-algebras is a 
homomorphism of their underlying Z-graded fc-modules which is at the same time 
a homomorphism of fc-algebras. 

A dimension function on a cartesian monoidal category V is an assignment to 
each object A" of V of an integer dim A, such that dim A' — dim A if A' is isomor- 
phic to A, and dim(A x Y) = dim A + dimF for every A and Y. 

Definition 3.1.1. Let V be a cartesian monoidal category with a dimension func- 
tion. A k-linear Chow theory with source V is an assignment C to each object A 
in V of a commutative Z-graded fc-algebra C(A) and to each morphism p : X ~*Y 
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in V of a homomorphism p* : C{Y) — + C{X) of graded fc-algebras and a homomor- 
phism p» : C{X) — > C{Y) of degree diniF — climX of graded fc-modules, such that 
the foUowing conditions hold. 

(a) (Ix)* = lc(x) and (l^)* = lc(x) for every X in V, and {q o p)* = p* o q* 
and {qo p)* — q* o p* for every p : X and q:Y^ZmV. 

(b) p*(a;.p*(y)) = Pf{x).y for every p : X ^ F in V and a; G C'(X) and 
2/ G C{Y). 

(c) i» = (i^^)* for every isomorphism i : X ^ X' in V. 

(d) (r X s)^{x (^y) — r*(x) (g) s*(y) for every r : X ^ X' and s : F ^ F' in V 
and a; G C{X) and y G C{Y), where zi (g) Z2 denotes (pr;^)*(zi).(pr2)*(2;2) 
in CiZi X Z2) for Zi and Z2 in V and zi G C{Zi) and Z2 e C(Z2). 



In the presence of (a) and |(b)[ condition (c) of Definition 13.1.11 is equivalent to 
the following one: 



(c) j*(l) = 1 for every isomorphism i : X — >X'mV. 



This can be seen by taking 2: = 1 in |(b)[ In the presence of |(a)[ |(b)| and (c) 
condition 1(d) I of Definition l3.1.1l is equivalent to the following one: 



|(d)[ (r X F)» o (pr^)* — (pr^)* o for every r : X ^ X' and Y in V, where the 
projections are from X x Y and X' x Y. 

Indeed [(d)| is the particular case of |(d)| where s = ly and y — I- Conversely if |(d)| 
holds with s ~ ly and y = 1 it holds with s = ly and arbitrary y by |(b)[ so that 
applying the symmetries interchanging the two factors and using |(c)| shows that it 
holds also with r = Ix and arbitrary s, and hence in general. 

A fc-linear Chow theory with source V will often be called simply a Chow theory 
with source V. If C is such a Chow theory, we write C^(X) for C{X)i. The homo- 
morphisms p* : C{Y) C{X) and p^, : C{X) C{Y) associated to p : X ^ Y in 
V will be called the puUback and push forward along p. 

Definition 3.1.2. Let C and C" be fc-linear Chow theories with source V. A mor- 
phism from C to C is an assignment Lp to every object X of V of a homomorphism 
ipx '■ C{X) — > C'{X) of Z-graded fc-algebras such that for every p : X ^ Y in V 

(a) (fix o p* ^ p* o ipY 

(b) (py op^, ^p^.oifx- 
We thus have a category of Chow theories with source V, with composition of 

morphisms defined component-wise. 

Let C be a Chow theory C with source V. An ideal of C is an assignment J to 
every object X in V of a graded ideal J{X) of C{X) such that p* sends J{Y) into 
J{X) and sends J{X) into J{Y) for every p : X ^ Y inV. Similarly we define a 
Chow subtheory of C by considering graded fc-subalgebras instead of graded ideals. 
In the case of ideals, it is enough require stability under pullback and push forward 
along projections in V, because 

(3.1.1) p*-(pri)*((rp)*(l).(pr2)*(-)), 
where Tp denotes the graph of p, and 

(3.1.2) p, = (pr2)*((pri)*(-).(rp),(l)). 

If J is an ideal in C, then by factoring out the J{X) we obtain the quotient Chow 
theory C/JoiC with source V. The ideals of C behave in many ways like the ideals 
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of a commutative fc-algebra. For example call an ideal J of C prime if J 7^ C and if 
for every xi E C{Xi) and X2 G C{X2) with xi(^X2 G ^(-'^i x X2) either xi G J{Xi) 
or X2 G J{X2)- Then the intersection of all prime ideals of C is the nilradical of C, 
which assigns to X the set x G C{X) with a;^" = for some n. When C°(l) is a 
field, C has a unique maximal ideal: the elements x of C"(X) which lie in this ideal 
are those which are "numerically equivalent to 0", i.e. those for which o*(x.a;') = 
for every x' in C"^™"^~'(X), where a is the unique morphism X — > 1. The quotient 
of such a C by its unique maximal ideal will be written C. 

Let i? : V' — > V be a functor which preserves products and dimensions and C be a 
Chow theory with source V . Then the pullback ofC along E is the Chow theory CE 
with source V defined by {CE){X') = C{E{X')) for X' in V, and p'* = E{p')* 
and — E{p')^, for p' : X' ^ Y' in V". The pullback along E oi a morphism 
(/? : C — > C" of Chow theories with source V is the morphism ipE : CE C'E 
with {(fE)x' — fE{X'} for X' in V". If E is an equivalence, it induces by pullback 
an equivalence on categories of Chow theories. The pullback JE of the ideal J 
of C along E is defined by {JE){X') = J{E{X')). Suppose that E is essentially 
surjective. Then the assignment J ^ JE defines a bijection from ideals of C to 
ideals of CE. The inverse of J 1-^ JE sends the ideal J' of CE to the unique ideal 
J of C with J{X) = i*{J'{X')) for every isomorphism i : X ^ E{X'). That such 
a J exists follows from (|3.1.H) and (|3.1.2p . 

Although it will not be necessary for what follows, it sometimes useful to consider 
instead of a dimension function on V more generally a dimension functor on V. 
Explicitly, a dimension functor is a symmetric monoidal functor (V*)°p — > Z^, where 
V* has objects the objects of V and morphisms the isomorphisms of V, and is 
as in Section 12.51 Suppose for example that V is obtained from the category Vq of 
abelian varieties over a field by formally inverting the isogenics, and that the choice 
of products in V is the same as that in Vq. If fc contains Q, the usual dimension 
function on Vq extends to a strict symmetric monoidal functor (V*)°p — > Z^ which 
sends A to dim ^ in Z = Ob Z/c and f : A ^ A' io the endomorphism d{f) of 
dim A = dim A', where d{f)^^ is the degree of /. Then provided that condition |(c)| 



of Definition 13 . 1 . II of a Chow theory is replaced by the condition — d{i)^^ {i^^}* , 
the Chow theory CH{—) ® k with source Vo can be extended to a Chow theory 
with source V. 

3.2. Poincare algebras. Let C be a Tate fc-pretensor category. If d is an inte- 
ger, then a Poincare algebra of dimension d in C is a pair (i?, v) consisting of a 
commutative algebra i? in C and a morphism v : R(d) — > 1 in C such that the 
composite 



where fj, : R(E)R — > ii is the multiplication, is the counit of a duality pairing between 
R and R{d). Often we omit the v from the notation. For a Poincare algebra (i?, v) 
of dimension d, the object R has thus a canonical dual i?^ = R{d) and a canonical 
duality pairing between R and R{d). The transpose of the identity 1 — > i? of i? 
for this pairing is v. More generally we have a canonical duality pairing between 
R{j) and R{d — j) for every j, with the same unit and counit as for that between 
R and R{d). Since the multiplication is commutative, the counit for this pairing 
is symmetric, in the sense that composing the symmetry interchanging the two 
factors in R{d — j) ® R{j) with the counit leaves the counit unchanged. Hence the 




R(»R{d) = {R®R){d) 



R{d) ^ 1, 
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dual pairing, with R{j) the dual R{d — jY of R{d — j), coincides with the pairing 
between R{d — j) and R{j). 

If T : C ^ C is a Tate fc-tensor functor and {R, v) is a Poincare algebra of 
dimension d in C, then (T{R),T{iy)) is a Poincare algebra of dimension d in C . 

Let {R,v) and [R' ,v') be Poincare algebras in C of dimensions respectively d 
and d' . Then for a morphism f : R R' in C we define using the canonical duality 
pairings the transpose 

r : R'id') ^ R{d) 

of /. The morphism 

: {R(E) R'){d + d') = R{d) O R'{d') 1 

defines a structure of Poincare algebra {R ® R' ,v ® v') on i? (g) i?' of dimension 
d + d'. The duality pairing between R® R' and (i? ® R'){d + c?') defined by this 
structure of Poincare algebra is the tensor product of those between R and R{d) 
and R' and R'{d'). 

Let (_R, i^) and (i?', v') be Poincare algebras in C of respective dimensions d and 
d' , and f : R ^ R' he a. morphism of algebras in C. If R'{d') is regarded as an 
i?- module by restricting its _R'-module structure along /, then : R'{d') R{d) 
is a morphism of i?-modules, i.e. the square 

(3.2.1) jfl^/v 

R(^R{d) R{d) 
commutes, where /i and fi' are the multiplications and 

/3 = // o (/ ® i?') 

is the action R(E)R' ^ R' oi R on i?'. To see that ()3.2.1|) commutes, we may suppose 
by taking a Tate fc-tensor functor T : C — > C with C strict and T an equivalence, 
and replacing R and R' by Poincare algebras in the image of T and then C by C, 
that C is strict. It suffices then to show that if e = v o ii[d) and e' = v' o fi'{d') 
arc the counits, then the isomorphism i^R.e:R^R'{d'),i of ()2.3.2|) sends both legs of 
(f3XT|) to 

(3.2.2) e' o ((/ o ^) ® R'{d')) : R®R® R'{d') 1. 

Since (jJR^e-.R^R'id'),! is defined by tensoring on the left with R and then composing 
with e, it sends the top right leg of (|3.2.ip to the composite of i? (g) P{d') with 
e' o (/ (g) R'{d')), by (|2.3.ip . and hence to the composite of / (g) / ® i?'((i') with 

e' o (i?' ® /i'(d')) = e' o (/i' ® 

by bifunctoriality of the tensor product and the associativity of /i'. This composite 
coincides with (|3.2.2p by the compatibility /i' o (/ (g /) = / o /i of / with /i and 
Similarly ojR^e;R^R'{d'),i sends the bottom left leg of (|3.2.ip to (|3.2.2p . 

3.3. Poincare duality theories. Let V be a cartesian monoidal category. We 
denote by V* the symmetric monoidal category with objects those of V, morphisms 
the isomorphisms of V, and identities, compositions, tensor product, associativities 
and symmetries those of V. A product-preserving functor E : V' V then induces 
a symmetric monoidal functor E* : V'* V*. Any symmetric monoidal functor h 
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from V"'' to a fc-pretensor category C lifts canonically to a symmetric monoidal func- 
tor from V°P to the category of commutative algebras in C, with the multiplication 
of h{X) given by composing the structural isomorphism h{X) (g) h{X) ^ h{X x X) 
of h with h{Ax), where Ax : X ^ X x X is the diagonal, and with the identity 
1 — *■ h{X) the image of X — > 1. If V is equipped with a dimension function and C 
has a structure of Tate fc-pretensor category, there is associated to /i a symmetric 
monoidal functor 

h{-){dim-):{V*r^C, 
which sends X to h{X){dimX) axid u : Y ^ X to h{u){dimX) = h{u){dimY). 

Definition 3.3.1. Let V be a cartesian monoidal category with a dimension func- 
tion. Then a k-Hnear Poincare duality theory with source V is a triple {M.,h,v), 
where M is & Tate fc-pretensor category, his a, symmetric monoidal functor from 
V°P to M., and v is a, monoidal natural transformation )(dim— ) ^ 1 of sym- 
metric monoidal functors from (V*)°p to M, such that for every object X of V the 
pair {h{X), vx) is & Poincare algebra of dimension dimX in M.. 

Let [M., h, v) be a Poincare duality theory with source V. IfT : M ^ M' is a 
Tate fc-tcnsor ftmctor, then {M' ^Th^Tv) is a Poincare duality theory with source 
V, which we call the push forward of {M, h, v) along T. li E -.V' —*V is & functor 
which preserves products and dimensions, then {M,hE°P,i'{E*)°P) is a Poincare 
duality theory with source V, which we call the pullback of {M, h, v) along E. 

Definition 3.3.2. Let {Ai. h, v) and (A^', /i', v'^ be fc-linear Poincare duality the- 
ories with source V. Then a morphism from {A4,h,p) to {Ai' ,h' is a Tate 
fc-tensor functor T from M. to M.' such that h' = Th and u' = Tu. 

We thus have category of fc-linear Poincare duality theories with source V, with 
composition given by composition of fc-tensor functors. A symmetric monoidal 
functor h from V°p to a Tate fc-pretensor category C will be called taut if every 
object of C can written uniquely as h{X){i) with X €V and i G Z, and a Poincare 
duality theory {M, h, rf) will be called taut if h is taut. 

Proposition 3.3.3. Let {M.,h,v) he a Poincare duality theory with source V. 

(i) There exists a morphism U : (A^o, ^o, J^o) (A^, h, v) of Poincare duality 
theories with ho taut and strict and U fully faithful. 

(ii) If Ui : (A^i, /ii, i^i) {M,h,v) and U2 : (A^2, /i2, '^2) —> {M,h,v) are 
morphisms of Poincare duality theories with hi taut and U2 fully faithful, 
then there exists a unique morphism T : {Mi,hi,ui) {M.2,h2,v2) of 
Poincare duality theories such that Ui = U2T. 

Proof, (i) Define (A^qj^Oj^'o) as follows. The objects of Mo are pairs {X,r) with 
X an object of V and r an integer. Set 

Mo{{X, r), {¥, s)) = M{h{X){r),h{Y){s)). 

The identities and composition in A4o are the same as those in A4. The underlying 
functor of h then factors as UHq, where ho : V°p Aio sends X to {X,0) and 
coincides with h on morphisms, and U : Mq M is the fc-linear functor which 
sends {X, r) to h{X){r) and is the identity on hom spaces. Thus U is fully faithful. 
The tensor product of {X, r) and (F, s) in Aio is defined bs {X xY,r + s). If 

V'x.r : h{X) ® h{Y) ^ h{X x F), 
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is the structural isomorphism of h, write 

Pix,rUY,s) = i^x,Y{r + s) : U{{X, r)) C/((y, s)) ^ [/((X, r) ® (F, s)). 

Since C/ is fully faithful, the tensor product on morphisms of Mo is uniquely defined 

by requiring that the isomorphism /5(x.r),(y.s) be natural in {X,r) and {Y, s). Sim- 
ilarly, the associativities and symmetries of A4o are uniquely defined by requiring 
that the P(x,r),(F,s) should be the structural isomorphisms of a fc-tensor functor U. 
That the associativities and symmetries in A4o so defined are natural and satisfy 
the necessary compatibilities follows from the corresponding properties in A4 and 
the faithfulness of U. By construction, the p(x,r ),(y,s) then define a structure of 
fc-tensor functor on U. Also ho : V°p A4o a strict symmetric monoidal functor 
such that Uho = h, because U is faithful and Pho{x),hoiY) = ^x,y- 

The object l(r) of Mo is (1, r). That the relevant associativities and symmetries 
are identities is easily checked by applying U and using the fact that P(x.r).{Y,s) 
coincides with P(x,o),(Y,o){f + s). It is then clear that U : Mo ^ is a Tate 
fc-tensor functor. Finally uo is uniquely defined by requiring that Uvo = y. That 
((X, 0), {vo)x) is a Poinearc algebra of dimension dimX for every X then follows 
from the full faithfulness of U. Thus {Mo, hoii'o) is a Poincare duality theory with 
source V. That ho and U have the required properties is clear. 

(ii) T is determined uniquely on the object h\{X){r) of A^i by 

T(/ii(X)(r)) = ft,2(X)(r), 
because it is required that h^ = Thi, and uniquely on the morphism / of Ali by 

U2{T{f)) = U,if) 
and the full faithfulness oi 1/2- Also the structural isomorphism 

V>M.N ■■ T{M) ® T{N) ^ T{M (g> N) 

of T is uniquely determined by the requirement that if 0i is the structural isomor- 
phism of Ui then 

{Oi)m,N = U2{iPM,n) O {(^2)t(M),T{N)- 

That T so determined preserves identities and compositions follows from the fact 
that U\ and U2 do and the faithfulness of U2- The naturality of <p, its compatibility 
with the associativities and symmetries oi Mi and A^2, and the condition that 
VM,i{r) = 1 for every M and r, follow similarly. Thus T is a Tate /e-tensor functor 
from Ml to M2- By construction Ui = U2T. Since /12 and Thi coincide on 
objects and U2h2 = h ~ U2Thi, we have /?,2 = Thi by faithfulness of U2- Similarly 
i/2 = Ti>i. Thus T is a morphism from (Mi, hi, ui) to {M2, h2, 1^2)- O 

Let {M, h,v) be Poincare duality theory with source V. Then for each X in V 
we have a Poincare algebra {h{X),ux) of dimension 6xmX in M. For each X and 
i, the object h{X){i) of M thus has a canonical dual, given by 

h{X){i)'^ = h{X){dimX - i), 

together with a canonical counit ex, given by the composite 

h{X)(i) ® h{X)iiy = h{X) ® h{X){dimX) h{X){dimX) ^ 1, 

with px ■■ h{X)®h{X) h{X) the multiplication oih{X). We have = l(-7;) 

and El = li. Given Y and j, the canonical pairing between h{X x Y){i + j) and 
h{X X Y){i + jY coincides, modulo the appropriate structural isomorphism of 
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h, with the tensor product of those between h{X){i) and h{X){i)'^ and between 
h{Y){j) and h{Y){jY . Any morphism {M,h,v) {M',h',v') of Poincare dual- 
ity theories sends {h{X){i),vx) to {h' {X){i),v'x), and hence preserves canonical 
duality pairings and transposes. 

We associate as follows to each /c-linear Poincare duality theory (A^, h, v) with 
source V a fc-linear Chow theory 

M{l,h{-)i-)) 

with source V, and to each morphism T of Poincare duality theories from {Ai, h, j/) 
to {Ai' , h' , v') a morphism of Chow theories 

Ti,,(_)(.) : Al(l,M-)(-))^A<'(l,/i'(-)(-))- 

The Chow theory h{—){-)) assigns to the object X of V the graded /c-algebra 

M{l,h[X)[-)) whose component of degree i is M.{l,h{X){i)), with the identity 
1 — > /i(X)(0) the identity of the algebra h{X), and the product of a : 1 ^ h{X){i) 
and 6 : 1 — > h{X){j) their tensor product in M. composed with the [i + i)-io\d 
twist of the multiplication of h{X). It assigns to the morphism p : X ^ Y oiV the 
homomorphism of graded fc-algebras 

p* : M{l,h{Y){-)) M{l,h{X){-)) 

that sends 6 : 1 — > h{Y){j) to h{p){j) o 6, and the homomorphism of graded /c-mod- 
ules of degree dim Y — dim X 

p. : M{l,hiX)i-)) ^ M{l,hiY){-)) 

that sends a : 1 ^ h{X){i) to h{pY {i — Am\X) o a. The morphism of Chow theo- 
ries assigns to the object X of V the homomorphism Txji(x)(-) of graded 
/c-algebras with component Tx^h{x)(i) of degree i. That the Tx^h(x)(-) are indeed ho- 
momorphisms of graded /c-algebras which are compatible as in Definition 13 . 1 . 21 with 
puUback is clear, and their compatibility with push forward follows from the fact 
that T preserves canonical transposes. To see that A^(l, h{—){-)) satisfies the con- 
ditions of Definition 13. 1.11 choose an (A^o, ^O: ^'o) and U as in Proposition l3.3.3^(i)[ 
Since U is fully faithful, each Ux^ho{x)(-) is an isomorphism, so that after replacing 



{M^h^v) by (A^O: 'lo, t'o) we may suppose that h is strict. That condition (a) of 
Definition 13.1.11 is satisfied is clear. That |(b)| is satisfied follows by composing the 
tensor product of 1 — > h{Y){j) and 1 h{X){i) with the twist by i — dimX of 



(PXTj) . where R = h(Y), R' = h{X) and / = h{p). Condition [(c)] is satisfied 
because for any p : X — > K in V we have 

h{pY = h{p-^){(YiiaX) 

by (|2.3.ip . the fact that h{p) is a morphism of algebras, and the naturality of v. 
For o in Al(l, h{X){i)) and b in h{Y){j)), it is easily checked that a (Si b in 

the sense of Definition 13 . 1 . 1] (d) | coincides with the tensor product of the morphisms 
a : 1 — > h{X){i) and 6:1^ h{Y){j) in M. Thus condition |(d)| is satisfied because 
the canonical transpose of h{r x s) = h(r) (g) h{s) is /i(r)^ O /i(s)^. 

By assigning to each {A4,h,iy) its associated Chow theory A4{1, h{—){-)) and 
to each T : {M,h,v) {A4' , h' , i'') its associated morphism T^^h{~){-) of Chow 
theories we obtain a functor from /c-linear Poincare duality theories with source 
V to fc-linear Chow theories with source V. When {M,h,i^) is taut, Ti is 
an isomorphism if and only if T is fully faithful. For any functor E : V' ^ V 
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which preserves products and dimensions, passage to associated Chow theories and 
associated morphisms of Chow theories commutes with pullback along E. 

While the category of Poincare duality theories defined above will suffice for what 
follows, it is for some purposes inadequate. For example an equivalence V" — > V 
does not in general induce by pullback an equivalence of categories of Poincare du- 
ality theories. Instead of the category of Poincare duality theories with source V, 
we may consider a 2-category with the same objects. A 1-morphism from {M, h, v) 
to {M' ,h' ,v') is a pair {T,ip) with T : M ^ M' a Tate fc-tensor functor and 
tf : h' — > Th a monoidal isomorphism such that ly'x = T{i'x)°fx{d^^X) for every 
X, and a 2-morphism from (Ti, (pi) to (T2, (^2) is a tensor isomorphism : Ti ^ T2 
such that — for every i and (p2 = Oh o ipi. Pullback along an equivalence 
V' V then induces an equivalence of 2-categories. Every 1-morphism induces a 
morphism of Chow theories, and 2-isomorphic 1-morphisms induce the same mor- 
phism of Chow theories. Morphisms in the usual sense from h, v) to {AA\ h' , v') 
may be identified with 1-morphisms of the form (T, idh' ) . The important case for 
what follows is that where {A4,h,i/) is taut. In this case it is enough to consider 
only morphisms in the usual sense from {A4, h, v) to (A^', ft.', because they form 
a discrete skeleton of the category of 1-morphisms and 2-morphisms between them. 

3.4. Universal Poincare duality theories. Let {M,h,i') be Poincare duality 
theory with source V. Then for each X, Y, i and j we have the canonical isomor- 
phism 

L^Hxm,e.MY}U) ■■ M{1, h{X) ® h{Y){diuiX+j - i)) ^ M{h{X)(i), h{Y){j)) 

of ()2.3.3|) . where ex is the counit of the canonical duality pairing between h{X){i) 
and h{X){dm\X — i). Let C be a Chow theory with source V, and 7 be a morphism 
from C to the Chow theory )(•)) associated to /i, v). Then we have 

a homomorphism 

7x,^ : C\X) M{l,h{X){i}) 

for every X and i. Composing 7xxy,dimX+j-i with the isomorphism 

M{l,h{X X Y){AunX + j - i)) ^ M{l,h{X) ® h{Y){dimX + j - i)) 

defined by the inverse of the structural isomorphism for h, and then with 0Jh{X)(i).exMY){j)i 
gives a homomorphism 

(3.4.1) -fx,Y,^^, : X y) ^ M{h{X)(i)My){j)) 

for every X, F, i and j. We have ^x,i = 7i,x,o,i. When 7 is an isomorphism, 
each 7x,i',ij" is an isomorphism. If C" is a Chow theory and (A^', h! , v') a Poincare 
duality theory with source V, and 7' : C" ^ M' {l,h' {-){■)) and ip : C ^ C 
are morphisms of Chow theories and T : {M.,h,v) {A4',h',i/') a morphism of 
Poincare duality theories such that 

(3.4.2) 7' o.^ = ri^^(_)(.) 07, 
then for every X, Y, i and j we have 

(3.4.3) "f'x,Y,i,j ° ^XxY,dimX+]-i ~ Th(X)(i),h(y)ij) ° lX,Y,i,]- 

This can be seen by combining three squares, with the left commutative by (|3.4.2p . 
the middle by the fact that h' — Th, and the right by the fact that, modulo the rele- 
vant structural isomorphism, T sends ex to the counit h'{X) (® h' {X){dimX) 1. 
Let V" be a cartesian monoidal category with a dimension function and E : V' ^ V 
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be functor which preserves products and dimensions. Then for every X' , Y' , i and 
J the homomorphism {'jE)x',Y',i,j the composite with "fE{X').E{Y'),i.j of the iso- 
morphism from C^™-^'+J-*(£;(X' x Y')) to C"^™-^'+J-'(i;(X') x E{Y')) induced 
by the structural isomorphism of E. 

Proposition 3.4.1. Let C be a Chow theory and (Mjhjiy) a Poincare duality 
theory with source V, and j : C ^ -Mil, h{—){-)) be a morphism of Chow theories. 

(i) lx,Y,i,]{ay = jY,x,dunY-j,dimX-i{cr*{a)) for every a, where a is the sym- 
metry Y X X ^ X X Y . 

(ii) 7x,F,ij(a)(8)7x',Y',j'j'(a') = o^xxX',YxY',i+i',j+j'ip*ia(E)a'))o( for 
every a and a' , where C is the (i + i')-fold twist of the structural isomor- 
phism h{X) (g) h{X') ^ h{X X X') and £, is the {j + j')-fold twist of the 
structural isomorphism h{Y)®h{Y') ^ h(Y x Y'), and p is the symmetry 
{X X X') x{Y X Y') ^ {X xY) X {X' x Y'). 

(iii) 7y,i?j,i(/3) °7x,Y,ij(a) = 7x,z,j,i((pri3)*((pri2)*(")-(pr23)*(/3))) for every 
a and (3, where Wi2! P''23 '^rid Wi3 o.re the projections from X x (Y x Z). 

(iv) h{p) = Jx,Y:0,q{{p, ly )*(!)) for every p:Y^X. 

Proof. By Proposition l3 . 3 .3| (i) [ there is a [/ : {A4o, kg, i^q) {A4, h, u) with Hq strict 
and U fuUy faithful. Then is an isomorphism, so that 7 — 070 

for some 70 : C — > A^o(li ^o(^)('))- -By (|3.4.3p with ip the identity, it is enough 
to prove the required results with (A^, h, v) and 7 replaced by (A^Oj ^Oj ^^o) ^^nd 70. 
Thus we may assume that h is strict. Then we have 

(3-4.4) lX,Y,i,3 = ^hiX)(i),exMY)U) ° "/XxY,dimX-i-j-i 

for every X , Y , i and j. 

The symmetry a that interchanges the two factors of the tensor product of 
h{X){dimX — i) and h{Y){j) is given by h{a){AmiX + j — i), because h is strict. 
Since 7 is a morphism of Chow theories, it follows that 

° lXxYAixaX+j~i{0i) — 7y xX.dim X+J-i (o"* (")) 



Applying uJh{Y){dimY -]),eY ■HX)(divaX-i) and using p.4.4p and (|2.3.4[) now gives[(i) 
By strictness of h, the tensor product in the Chow theory A^(l, h{—){-)) is given 
by taking the tensor product in M. of the relevant morphisms with source 1 in Al . 
Further if we write d for dimX+j — z and d' for dimX'+j' — i', the symmetry p that 
interchanges the middle two factors of the tensor product of h{X){iY ® h{Y){j) 
with h{X'){i'Y ®h{Y'){i') is h{p){d + d'). Since 7 is a morphism of Chow theories, 
we thus have 

po (7xxy,d(a) ® 7x'xF',d'(a')) = P o 7(XxF)x(X'xy'),d+rf'(a ® 

= l{XxX')x{YxY').d+d'{p* (a ® a')). 

Applying u}h{XxX')(t+e),ex^x,MYxY')(j+3') and using p.4.4p, (|2.3.5p, and the fact 



that C and ^ are identities, now gives (ii) 



By definition, the counit ey is the composite of /i(Ay)(dimy) with the transpose 
vy of the morphism 1 h{Y) defined by y — > 1. If we write d for dimX + j — i 
and e for dim Y + I — j, it follows that 

hiX){iy (X)isY(®h{Z){l)) = hipr^^y {- diiaZ + 1 -i)oh{X X {Ay X Z)){d + e) = 9, 
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say. With A tlie appropriate associativity in A^, we tlien have 

9oXo {-yxxvA'^) '^lYxzAP)) = 6* °7xx((Yxy)xZ),d+e((pri2)*(a)-(pr34)*(/?)) 

= 7xxZ4imX+i-»((pri3)*((pri2)*(")-(pr23)*(/?))). 



by the definition of a®/3 as in Definition 13 . 1 . l|(d)] and the fact that A = h{X){d + e) 
for the appropriate associativity A in V. Applying i^h(x)(i).Ex.h{Z){i) using 



(I3.4.4P and (|2.3.6p now gives (iii) 



If i : 1 h{Y) is the unit, then since {p, ly) = {p x Y) o Ay, we have 
{h{p) ® h{Yyy o ey" = h{ip, ly))^(- dimy) o t = 7xxy,dimx((p, 



Applying uJh(x),exMY) using (|3.4.4p and (|2.3.7p now gives (iv) □ 



Let {A4,h,iy), C and 7 be as in Proposition 13.4.11 Then it is clear from the 
definition of ^x.Y,i,j that for every a and d we have 

(3.4.5) 7x,y,i,i(a)(rf) = 7x,Y,i+dj+d(a). 

In fact p.4.5p follows from Proposition 13.4.11 because 71,1,0.0(1) is the identity of 



/i(l) by (iv) and 7i.i.d,d(l) is an idempotent endomorphism of l((i) by (iii' 



which is invertible by (ii) and hence the identity. For any Z and p : Y X and 
13 e C{Y X Z), we have 

(pri2)*((p,ly),(l)).(pr23)*(/3) - ((p,ly) X Z),(/3). 

in C{{XxY) X Z), by[3J Jj(b)|with (p, ly) x Z for p and a; = 1 and y = ( pr^a )*(/?) 
and l3.1.lj(d)[ Proposition l3.4.lj(iii) with a = {p, ly)*(l) and Proposition l3.4.lj(iv^ 
thus give 

(3.4.6) lY,z.jAf3) o h{p){j) = 7x,z,,,i((P X Z),{(3)). 
Similarly for any X and q : Z ^ Y and a G C(A' x F) we have 

(pri2)*(a).(pr23)*((g, lz),(l)) - (X x (q, lz))*((^ x g)*(a)) 
in C{X X (r X Z)). Proposition 13.4. ll|(iu) | with (3 = (q, lz),(l) thus gives 

(3.4.7) h{q){j) o 7x,y,^,,(a) = 7x,z.,,((X x q)*(a)). 

For fixed i and j, we may regard C"^"°^+J^'(X x F) as a bifunctor of X and 
y, covariant in X and contravariant in Y. Given for example a : X X' in V, 
the homomorphism cdimX+i-i^j^ x F) ^ (jdimX'+j-t(^x' x F) associated to a is 
(a x y),. Then (I3.4.6P and (|3.4.7p show that the homomorphism jx,Y.i,j of (|3.4.ip 
is natural in A" and Y. 

Proposition 3.4.2. Let (A^, ft,, j/) 6e a taut Poincare duality theory with source V. 
Then for any Poincare duality theory (A4', /i', z^') with source V and morphism 
ip : A4{l,h{~)i')) ~* -^'(Ij '^f Chow theories, there is a unique morphism 
T : {A4, h, v) {M.' ^ h' , v') of Poincare duality theories such that T^.h(-)(-) — V- 



Proof. By Proposition 13.3.^ fi) and (ii) we may suppose that h and h' are strict. 
Any T : {M, h, v) (X', V, v') must send h{X){i) in M to h'{X){i) in M' . Fur- 
ther T must be a strict fc-tensor functor, because it is a Tate fc-tensor functor with 
Th = h' and h is taut. If we write C for M(l,h{~){-)) and C iov M' (l,h' (-){■)), 
then we have identity isomorphisms of Chow theories 7 : C ^ h{—){ )) and 

7' : C" ^ M'{l,h' {-){■)). Then T^,h{-){-) = V ''^'^ and only if holds, and 

it has been seen that p.4.2p holds if and only if p.4.3p holds. Since the ^x,Y,i,j 
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are isomorphisms, a T with ri,ft(_)(.) = is thus unique if it exists. To show 
that such a T exists, define T on objects as sending h{X){i) to h'{X){i) and on 
morphisms by requiring that (j3.4.3p should hold. That T so defined is a strict 
fc-tensor functor with Th ~ h' follows from the strictness of h and h' together with 



Proposition 13.4.11 (ii) (iii) and (iv) That it preserves canonical transposes, and 



hence sends the transpose i^x ■ h{X){dimX) ^ 1 in of the identity 1 — » h{X) 



to v'x in A4', then follows from Proposition 13.4. l1 (i) □ 



Consider the functor CH from Poincare duality theories with source V to Chow 
theories with source V that sends {M, h, v) to )(•)). By Proposition l3.4.2| 

the restriction CHq of CTL to the full subcategory of taut Poincare duality theories 
is fully faithful. By Proposition l3 . 3 .31 there exists for every {M., h, v) a morphism U 
which is universal among morphisms with target h, v) and taut source, and CTi 
sends U to an isomorphism. Thus CTL factors up to isomorphism as a right adjoint 
to the embedding of taut Poincare duality theories followed by CT-Lq. To prove 
Theorem 13.4.31 below, it is thus enough to show that CTL is essentially surjective. 
Recall that a left adjoint is fully faithful if and only if the unit of the adjunction is 
an isomorphism. 

Theorem 3.4.3. The functor from the category of Poincare duality theories with 
source V to the category of Chow theories with source V that sends [^A^h,v) to 
M{\, h{-){-)) and T : {M,h, v) h' , v') to ri^;i(_)(.) has a fully faithful left 

adjoint, with essential image consisting of the taut Poincare duality theories. 

Proof. Let C be a Chow theory with source V. By the above remarks, it is enough 
to construct an {M,h,v) with Ai{l,h{—){-)) isomorphic to C. There exists a 
symmetric monoidal equivalence i? : V — > V" with V" strict. Then V" is cartesian 
monoidal and has a dimension function such that E preserves dimensions, and C 
is isomorphic to the pullback along E of a. Chow theory C on V". Replacing V and 
C by V" and C", we may suppose that V is strict. 

Define {M,h,v) as follows. An object of 7W is a symbol h{X){i) with X an 
object of V and i an integer. The tensor product is defined on objects of M. by 

h(X)(i) ® h{Y)[j) = h(X X Y){i+j), 

with /i(l)(0) the identity of M. The functor h is defined on objects by 

h{X) = h{X){Q). 

A morphism from h(X){i) to h(Y){j) in is a symbol 'yx.Y,i,j{ct) with a an element 
of C'dimX-»+j(j^ X Y), and the fc-module structure on M{h{X){i), h{Y){j)) is that 
for which the map a t-> ^x,Y,i,jict) is an isomorphism of fc- modules. There is then 
a canonical isomorphism from this hom-space to that obtained by replacing i by 
i + d and j by j + d, which we write as a i-^ a{d) so that (|3.4.5p holds. The tensor 
product of morphisms of M, composition of and action of h on morphisms 



of V, are defined by requiring that the equalities of Proposition 13.4.11 (ii) (with C 



and ^ identities), (iii) and (iv) should respectively hold. The identity of h{X){i) 
is defined as h{lx){i), and the symmetry that interchanges the two factors in 
h{X){i) ® h(Y){i) as h{a){i + j) with a the symmetry that interchanges the two 
factors in y X A". With these definitions, both (|3.4.6p and (|3.4.7p hold, because 



they follow as above from the equalities of Proposition 13.4. Il (iii) and (iv) 



That the composition is associative follows from the fact that given morphisms 
a = jx,Y,i,j{a), b = 7y,z,j,i(a) and z = jz,w,i,m{C) in A4, the composites (zob) o a 
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and z o (6 o a) both coincide with 7x,VK,i,m(C); with ^ the image under (pr]^4)* of 
(3.4.8) (pri2)*(a).(pr23)*(/3).(pr34)*(C), 

where the projections are from X xY x Z x W. In the case of zo (feoa) for example, 
factoring pr^4 as 

X xY X Z xW X X Z xW X xW, 



and noting that bv 13. 1.11 (b) the image of (I3.4.8|) under (pri34)* is 

(3.4.9) (pri34)*((pri2)*(").(pr23)*(/3)).(pr23)*(C) 

shows that ^ is the image of p.4.9|) under (prj^3),, so that 7x,w,i.m(0 ^ z o (bo a) 
bv 13.1.11 (d) apphed to prj^g xW = pri34. That h{lx){i) is indeed the identity of 
{X,i) foUows from (|3.4.6p and (I3.4.7p . Thus M is a. category. We have 

(3.4.10) h{q)ij)oh{p)ij) = hipoq){j) 

for p : Y --^ X and q : Z ^ Y, by (PXB)) with /3 = (q, lz),(l). The assignments 
X ^ h{X) = HX)\q) and p ^ h(p) thus define a functor V°p ^ M. The bi- 
hnearity of the tensor product of M. is immediate, and the bifunctorialty foUows 



from I3.1.]|(d)[ The naturahty of the symmetries follows from (|3.4.6p and p.4.7p , 
together with condition I3.1.]|(c)[ We thus obtain on a structure of strict fc-pre- 
tensor category: the symmetries satisfy the required compatibilities by p.4.10p . It 
is easily checked that /i is a strict symmetric monoidal functor, and that Ai has 
a structure of Tate fc-pretensor category with l(i) = h{l){i). Then h{X){i) is the 
i-fold twist of h{X) and the d-fold twist sends a : h{X){i) h{Y){j) to the a{d) 
already defined. 

We have a duality pairing between h{X) and h{X)(dimX) whose unit rjx is 
7i,xxx,o,dimx((Ax)*(l)) and whose counit ex is 7xxx,i,dimX,o((Ax)*(l)). In- 
deed (ex •» h{X)) o {h{X) ® rjx) is 

7x,x,o,o((pri5)*(^i2.'523.<534.(545)) = 7xx,o,o((Ax)*(l)), 

where 5rs = (prrs)*((Ax)*(l)) with the projections from XxXxXxXxX. This 
gives one triangular identity, and the other is similar. Write vx for the morphism 
7x,i.dimX.o(l) from h{X){dmiX) to 1, Then since /i(Ax) is the multiplication of 
h{X) and since vx ° /i(Ax)(dimX) — ex by (|3.4.6p . it follows that {h{X),i'x) is a 
Poincare algebra of dimension divciX in M.. Clearly vx — \\ and vx-ky = vx ® i^y 
for every X and y, while vx ^ vy ° h{p){dmi X) for an isomorphism p : Y — > X by 
()3.4.6p and 13.1.11 (c) This shows that (A^, h, v) is a Poincare duality theory with 
source V. 

We show finally that the fc-isomorphisms a ^ 7i.x,o.i(cK) define an isomorphism 
of Chow theories from C to M{\,h{— ){■)). That they define an isomorphism of 
graded algebras C{X) ^ A1(l, /i(X)(.)) for each X is clear from the equality of 
Proposition 13.4.11 (ii) and p.4.7p with q — Ax . The compatibility with puUbacks 
follows from (|3.4.7p with X ~1. The transpose of 7x,i,i,o(/3) from h{X){i) to 1 is 
7i,x,o,dimX-i(/3) from 1 to h{X)(diTa X — i), because 7x,i,i,o(/3) coincides with 

7x,i,i,o((pri)*('5i2-(pr3)*(/3).(523)) = £x o {h{X){i) ® 7i,x,o,dimX-i(/9)), 

where Srs = (prrs)*((Ax)*(l)) with the projections from X x X x X. Taking the 
transpose of (|3.4.6p with Z — 1 thus gives the compatibility with push forward. □ 
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By Proposition 13.3.31 the left adjoint of Theorem 13.4.31 may be chosen so that 
the for every (M^h^iy) in its image, h is strict. We fix such a left adjoint and 
its unit, and call the image of the Chow theory C the Poincare duality theory 
associated to C, and similarly for a morphism of Chow theories. The morphism 
of Poincare duality theories associated to any morphism of Chow theories is then 
a strict fc-tensor functor. The Poincare duality theory {Ai,h,iy') associated to C 
comes equipped with a universal morphism 7 : C ^ A^(l, )(•)), which is an 
isomorphism such that for any {A4' , h' , v') and 7' : C ^ h' {—){■)) there is a 

unique morphism T from {M, h, v) to (A^', /i', v') with 7' = ° 7. Further 

T : A4 ^ Ai' is faithful (resp. full) if and only if every component j'x is injective 
(resp. surjective). 

Given {Ai, h, v), any 7 : C ^ ^^(1, h{—){-)) induces a map J ^ J from the set 
of tensor ideals of M to the set of ideals of C, with J{X) the inverse image under 7 
of h{X){-)). If (A^, h. v) is the Poincare duality theory associated to C and 7 
is the universal morphism, then J7 i— > J is bijective: its inverse sends J to the kernel 
of the morphism of Poincare duality theories associated to the projection C ^ C / J . 
Thus we may identify the Poincare duality theory associated to C / J with the push 
forward of {Ai,h,v) along the projection M M-jJ- More generally, for any 
(tW, h, v) and isomorphism 7 : C ^ ^1(1, ^(— )(•)); the map J ^ J is surjective, 
because tensor ideals can be extended from full fc-tensor subcategories. 

4. KiMURA CATEGORIES 

In this section k is a field of characteristic 0. 

4.1. Positive and negative objects. Let M be an object in a fc-tensor category. 
For each integer d > we have a fc-homomorphism from k[&d] to End(M'^'') which 
assigns to an element of the symmetric group 6^ the associated symmetry of M®''. 
Then the respective images s„ and a„ in Endc(M'^") of the symmetrising and 
antisymmetrising idempotents of fc[6„] are idempotent endomorphisms of M®". 
The image of s„ will be denoted by S^M and the image of a„ by A" M. Thus S'"M 
and /\" M are direct summands of M®", and they may be regarded as functors 
of M. We have /\™ M = if and only if Um = 0, and in that case /\" M = for 
every n > m, because the ideal generated by the antisymmetriser of fc[Sm] C fc[©n] 
contains the antisymmetriser of fc[Sn]. Similarly if S™M — then 5""^/ = 
for every n > m. An object M in a fc-tensor category will be called positive (resp. 
negative) if it is duahsable and if /\™ M = (resp. S"^M = 0) for some m. Suppose 
that M is dualisable of rank r. Then the contraction with respect to the last factor 
M of a symmetry a permuting the factors of M®'^""'"^^ is rao when a = ao 1^ M 
leaves the last factor M fixed, and otherwise is the symmetry of A/®" given by 
omitting n+l from the cycle containing it in the permutation that defines a. Thus 
the contraction with respect to the last factor M of a„+i is (r — n)/{n + l)a„. 
Contracting n + l times shows that if a„+i = then = 0. Hence if M is 

positive then r = r^ei with the integers > and the idempotents in End(l). 
Further if M is positive and r is an integer, then r is the least integer > for which 
/\^^^ M is 0. Similarly if M is negative then r = X^i'^i^i with the integers < 
and the idempotents, and if M is negative and r is an integer, then r is the 
greatest integer < for which S~'^'^'^M is 0. In particular if M is both positive and 
negative then M — Q. 
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By a fc-group we mean an afRne group scheme over fc, and by a fc-subgoup of a 
fc-group a closed group subscheme. If G is a fc-group, the category of G-modules 
will be written REPfc(G'). It has an structure of fc-tensor category given by the 
tensor product of G-modules over k. An algebra in REPfe(G) is the same as a 
G-algebra, i.e. an algebra over k with a structure of G-module such that the points 
of G act by algebra isomorphisms. The full fc-tensor subcategory of REPfe(G) 
consisting of the finite dimensional G-modules will be written Repj,(G). Then 
REPfe(G) is an ind-complction of Rcpj.(G). A finite dimensional G-module will 
also be called a representation of G. For the following classical result, see for 
example \8^, Theorem 6.3. 

Lemma 4.1.1. Denote by V the standard representation of GLn over k. Then the 
homomorphism from k[&r\ to EndGL„(^®'^) that assigns to each element in 6^ 
the associated symmetry of V'^'' is surjective, with kernel for r < n and the ideal 
generated by the antisymmetriser of fc[6„+i] C fc[6r] for r > n. 

The following consequence of Proposition 12 .4. Il and Lemma [4. 1.11 is well known. 
Since the treatment in [16] is rather sketchy, and there seems to be no other suitable 
reference, we include a proof here. 

Theorem 4.1.2. Let (n\)x^A be a family of non-negative integers. Denote by G 
the k-group HasA ^-^"a the standard representation of the factor GL^^ 

of G. Then for any k-tensor category C and family (Ma)aga of objects in C with 
M\ positive of rank n\, there exists, uniquely up to tensor isomorphism, a k-tensor 
functor from Repj. (G) to C which sends V\ to M\ . 

Proof. Let 7?. be a free rigid fc-tensor category of type (nA)AeA and (iVA)AeA be 
its universal family of objects. Then TZ is generated as a rigid fc-tensor category 
by the A^a • Denote by J the tensor ideal of TZ generated by the identities of the 
yy"A+i j^^^g fc-tensor functors E : U/J Repfc(G) and U/ J C, unique 

up to tensor isomorphism, which send A^a respectively to Va and Ma. It will suffice 
to show that E is an equivalence. By Proposition 12.4.11 the hom fc-spaces of TZ are 
finite-dimensional, so that by lifting of idempotents TZ/ J is pseudo-abelian. Since 
Repj.(G) is generated as a rigid fc-tensor category by the Va, it is thus enough to 
show that E is fully faithful. 

Let L and Ad be objects of TZ. To show that 

El.m ■■ {n/J){L,M) -> YioinG{E{L),E{M)) 

is bijective, we may suppose that L is the source and M is the target of the hom 
fc-space (|2.4.ip . By Proposition l2.4.11 the canonical homomorphism from the tensor 
product over fc of the (7^/ J)(A^a,®''% A^a.®"') to (7^/J)(L,M) is surjective. Its 
composite with E^^m factors through the canonical homomorphism from the tensor 
product over fc of the Home (Va.®'^', Fa.®"') to Homo (E (L), E{M)), which is an 
isomorphism because G is the product of the GLn^ and V\ is a representation of 
GLn^. Thus we reduce to the case where L = N\®^ and M = N\®^ for some 
A, r and s. li r ^ s, then the source of El_m is by Proposition 12.4.11, while its 
target is because a fc-point z of the centre Gm of GLn^ acts a z"^ on E{L) and as 
z^ on E{M). If u is given by the action of on A^a®'" and v modulo structural 
isomorphisms of E by Ej^^tiir ^j^i^isr , then 

k[6r] ^ ^ndr/ANx®"-) ^ Endcl^A®'') 
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is given by the action of &r on Vx"^^. By Proposition 12.4.11 u is surjective, and by 
definition of J the kernel of u contains the antisymmetriser a of /(;[(S„;^+i] C fc[6r] 
when r > n\. By Lemma |4.1.1[ v o u is surjective, with kernel when r < n\ and 
the ideal generated by a when r > n\. It follows that v an isomorphism. □ 

Let C be a fc-tensor category. Clearly the dual or any direct summand of a pos- 
itive (resp. negative) object in C is positive (resp. negative). Using Theorem 14. 1.21 
we can see as follows that the direct sum of two positive (resp. negative) objects 
in C is positive (resp. negative), and that the tensor product of two positive or two 
negative objects in C is positive and the tensor product of positive and a nega- 
tive object in C is negative. We may suppose that the objects have integer rank. 
Then in the positive case we reduce by Theorem 14 . 1 . 21 to the where C is a category 
Rep^(G), in which every object is positive. To see for example that Nq ig) iVi is 
negative when A^o is positive of rank ro > and A'^i is negative of rank ri < in C, 
we may suppose that C — TZ/JJ, where 7^ is a free rigid fc-tensor category of type 
{ri)i=o,i with universal family (-/Vi)i=o,i, and J is generated by the identities of 
A"""^^ Nq and S-''^+^Ni. By Proposition EXH C has then a Z/2-grading, with iVo 
of degree and A'^i of degree 1. If is obtained from C by modifying its symmetry 
according to this Z/2-grading, then A'o and A^i and hence Nq Ni are positive in 
C^. Thus since A^o ® -^i is of degree 1, it is negative in C. 

Let M be a positive and be a negative object in a fc-tensor category. Then 
any morphism M ^ TV or iV ^ M is tensor nilpotent. Indeed since N ® Af^ and 
M N"^ are negative, it is enough by (|2.3.5p to show that / : 1 — > is tensor 
nilpotent when A^ is negative. By naturality of the symmetries, the composite of 
j?(»n g^jryy symmctry permuting the factors of A^®" is J®". Thus /®" factors 
through the embedding ^"A^ —> A^®". Taking n large now gives the result. 

For a more precise version of the following Corollary, see [16], Lemma 3.4. 

Corollary 4.1.3. Let B be an essentially small k-tensor category in which every 
object is positive. Then there exists a faithful and conservative k-tensor functor from 
B to the category of finitely generated projective modules over some commutative 
k- 



Proof. Every object of i3 is a direct summand of one of rank an integer > 0. Thus 
for an appropriate product G of general linear groups, there is by Theorem 14.1.21 
an essentially surjective fc-functor from Rep^(G') to a full fc-pretensor subcategory 



Bo of B with pseudo-abelian hull B. Lemma 12.3.11 (i) with C ~ Repj,(G) and 
C = REPfc(G) shows that Rep;.(G) — > Bq factors through a fc-tensor equivalence 
!Ffi Bq for some commutative algebra R in REPfe(G). Now JFr is fc-tensor 
equivalent to the category of free i?- modules on objects of Repj.(G). If Rq is the 
underlying fc-algebra of R, we thus have a faithful and conservative fc-tensor functor 
from JTfj., and hence from Bq and B, to the category of finitely generated projective 
i?o-niodules. □ 



object in a fc-tensor category and /y™^^ M = 0, then 



From Corollarv l4.1.3l we obtain the Cayley-Hamilton theorem: if M is a positive 

y and A"^^ M = 0, then 

m i 

5](-l)Hr(/\/)/™-* = 



i=0 
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for every endomorphism / of M . This can also be obtained by contraction, starting 
from the fact that M (g) f^"^ composed with the antisymmetriser of Af ®^™+^) is 0. 

4.2. Kimura objects. We recall here some results on Kimura objects and Kimura 
categories. Most of these are due to Andre and Kahn ( 3 , § 9), based on the work 
of Kimura [TI] . 

Let C be a A:-tensor category. An object in C will be called a Kimura object if 
it is the direct sum of a positive and a negative object. Kimura objects are dualis- 
able, direct sums and tensor products of Kimura objects are Kimura objects, and 
any fc-tensor functor between fc-tensor categories sends Kimura objects to Kimura 
objects. If C is rigid, then any endomorphism in the kernel of C — > Ciod is nilpotent, 
so that Cied is a fc-tensor category and an object of C is a Kimura object if and only 
if its image in C^ed is. Any direct summand of a Kimura object in C is a Kimura 
object: it is enough to consider the case where C is reduced, when there are no 
non-zero morphisms between positive and negative objects. The full subcategory 
of C consisting of the Kimura objects is thus a fc-tensor subcategory of C. Similarly 
the summands in any decomposition of a Kimura object into a direct sum of a 
positive and a negative object are unique up to isomorphism. Considering their 
ranks shows that any endomorphism of a Kimura object which is either a section 
or a retraction is an isomorphism. 

A fc-tensor category C will be called a Kimura category if C is essentially small, 
Endc(l) — fc, and every object of C is a Kimura object. A Kimura fc-tensor cat- 
egory will be called positive if each of its objects is positive, and split if C(M, N) 
and C{N, M) are when M is positive and N is negative. A split Kimura fc-tensor 
category has a canonical Z/2-grading by positive and negative objects, and any 
fc-tensor functor between split Kimura fc-tensor categories preserves the Z/2-grad- 
ings. A reduced Kimura fc-tensor category is split. 

Let C be a Kimura fc-tensor category. Since C is rigid with End(l) a field, it has a 
unique maximal tensor ideal Rad(C), consisting of those morphisms f : M N oiC 
for which tr(/ 0(7) = for every : N ^ M. It has been shown in [3], 9.1.14 that the 
ideals Rad(C)(A^, N) are nilpotent. However we need here only the following weaker 
result (cf. [11], 7.5): any endomorphism of C which lies in Rad(C) is nilpotent. To 
see this we may after replacing C by Crcd suppose that C is reduced, and hence 
split. Modifying the symmetry of C according to its canonical Z/2-grading, we 
may suppose further that C is positive, in which case it suffices to use the Cayley- 
Hamilton theorem. It follows in particular that for any tensor ideal J ^ C oiC the 
quotient C/ J is a Kimura fc-tensor category, and the projection C ^ C/ J reflects 
isomorphisms, sections and retractions. 

Let C be a Kimura fc-tensor category and Co be a full fc-linear subcategory of C 
which is pseudo-abelian. Then Co is semisimple abelian if and only if the restriction 
to Co of the projection C — > C = C/Rad(C) is faithful. Indeed if Co is semisimple 
abelian then any morphism in Co factors as a retraction followed by a section, 
and a retraction or section is when its image in C is 0. For the converse it is 
enough to show that C is semisimple abelian. Replacing C by C, we may suppose 
that Rad(C) = 0. Modifying the symmetry of C, we may further suppose that 
C is positive. Then by Corollary 14.1.31 there is a fc-tensor functor T from C to 
the category of finite-dimensional vector spaces over some extension of fc. The 
dimension over fc of C(1,M) is bounded by the rank of M, because any non-zero 
1 M is a section. Thus C has finite-dimensional endomorphism fc-algebras. It is 
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enough to show that they are semisimple. In fact if / hes in the radical of Endc {N) , 
then fog is nilpotent and hence iv{fog) = tv{T{f og)) = for every g in Endc(A''), 
so that / = 0. 

For any Kimura /c-tensor category C there is a spHt Kimura fc-tensor category C 
and a fc-tensor functor C C with the following universal property: any fc-tensor 
functor B ^ C with B a split Kimura fc-tensor category factors uniquely up to tensor 
isomorphism through C ^ C. To construct such a C note that an isomorphism 
betwcicn a positive and a negative object of a Kimura /c-tensor category can exist 
only when both objects are 0. Thus for every C we can define a (not necessarily full) 
fc-pretensor subcategory whose objects are those objects of C which are either 
positive or negative, where C^{M,N) coincides with C{M,N) when M and N are 
both positive or both negative, and is otherwise. Now take for C a pseudo-abelian 
hull of C^. Then C is a split Kimura fc-tensor category, and the embedding — > C 
extends uniquely up to tensor isomorphism to a fc-tensor functor C ^ C. Let B be 
a split Kimura fc-tensor category. Then B^ is a full fc-pretensor subcategory of B, 
and S is a pseudo-abelian hull of B^. Further any fc-tensor functor B^ — » C factors 
(uniquely) through C^. Thus any fc-tensor functor B ^ C factors uniquely up to 
tensor isomorphism through C C. It is clear from the construction that C ^ C 
induces an equivalence on full subcategories of either positive or negative objects. 
Thus C ^ C composed with the projection C ^ C is full and essentially surjective, 
and hence induces a fc-tensor equivalence C — > C. 

4.3. Hopf algebras. Let C be a fc-pretensor category. Then coproducts exist in 
the category of commutative algebras in C, and are given by the tensor product of 
algebras. A commutative and cocommutative Hopf algebra in C is a commutative 
cogroup object in the category of commutative algebras in C. Explicitly, such a Hopf 
algebra R has in addition to its commutative algebra structure a cocommutative 
coalgebra structure, defined by a counit 1 and a comultiplication i? ^ i?® i?, 
and an antipode R R, satisfying appropriate compatibilities. For each such R 
and integer n, we have an endomorphism ur of R, given by taking the nth multiple, 
with (— the antipode. 

Let iV be a negative object of a fc-tensor category C. Since S^N = for n large, 
there is defined an object 

Sym7V = 0S"'7V 

r 

in C. It has a canonical structure of commutative and cocommutative Hopf algebra, 
which respects the Z-grading by the S^N, defined as follows. The unit and counit 
of SymA'' are respectively the embedding of and the projection onto S^N = 1. If 
Vr : S^N N'^'^ is the embedding and Wr : N'^'^ S^N is the projection, then 
the multiplication is defined by 

Wr+s o{Vr(^Vs): S'' N (g) S' N S^'+'N 

and the comultiplication by 

r'.s'. 

The embedding of N = S^N into SymA" is universal among morphisms from N 

to a commutative algebra in C, and the projection of SymiV onto N is universal 
among morphisms from a cocommutative coalgebra in C to A'^. For every n, the 
morphism nsymiv acts on S^N = N as n and hence on S'^N as n'". 
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A commutative and cocommutative Hopf algebra in a /c-tensor category C will 
be called symmetric if it is isomorphic to SymiV for some negative object N of C. 
A symmetric Hopf algebra has a canonical Z-grading, with Rr the component of R 
on which the nn act as n''. 

We have a functor Sym from the category of negative objects in a fc-tensor 
category C to the category of commutative and cocommutative Hopf algebras in C. 
It can be seen as follows that it is fully faithful. Any morphism h : Sym N — > Sym N' 
of Hopf algebras respects the canonical gradings, because h o 2symN — 2symA" ° h 
for example. If hi is the component of h of degree 1, the universal property of 
SymA^ as a free commutative algebra shows that h — Sym / if and only if f ~ hi. 

We recall here the following facts about morphisms in a pseudo-abelian fc-linear 
category, which will be needed in the proof of Theorem 14.3.11 

(1) If t : M M satisfies Y\'i=iPi{'^) — fo^' mutually coprime polynomials 
Pi{T) over fc, then M has a unique direct sum decomposition ©^^j^ Mi 
which is respected by t and is such that the component ti : Mi — > A/.; of t 
satisfies Pi{ti) = for each i. 

(2) li t : M ^ M and t' : M' ^ M' satisfy p{t) and p'{t') = for 
mutually coprime polynomials p{T) and p'{T) over fc, then f o t — t' o f 
implies / = for any / : M M'. 



For (2) note that f ot — t' o f implies / o q{t) = q{t') o f for any polynomial q{T) 



over k. Choosing q{T) such that its image in k[T]/p{T) x k[T]/p'{T) is (1,0) shows 
that / = 0. If the image of r,{T) in k[T]/(Jl'^^^p,{T)) = Hf^^ k[T]/p,{T) has ith 
component 1 and jth component for j ^ i, then the ri{t) are idempotents in 



End(M) giving a decomposition 0^^^ Mi as in (1) If M = 0^^^ M'i is another 



such decomposition, the composite Mi M — ^ M'j is for i 7^ j by 



Theorem 4.3.1. A commutative and cocommutative Hopf algebra R in a Kimura 
k-tensor category C is symmetric if and only if for every integer n ^ the morphism 
npi : R R in C is an isomorphism. 

Proof. That is an isomorphism for any n ^ when R is symmetric is clear. 
Conversely suppose that for n ^ the morphism n/? in C is an isomorphism. It is 
to be shown that R isomorphic to SymA^ for some negative A^ in C 

Consider first the case where C is positive. Then by Corollary 14.1.31 there is a 
fc-tensor functor U from C to finite-dimensional fc'-vector spaces for some extension 
fc' of fc, which we may assume is algebraically closed. In that case Spec(t/(i?)) is a 
discrete finite commutative group scheme over k' on which each n ^ acts as an 
isomorphism. Thus Spec(£/(i?)) is trivial, so that U{R) and hence R has rank 1. 
Since R is positive and has a direct summand 1, we have i? = 1. 

Now consider the general case. The Kimura fc-tensor category C is semisimple 
abelian, and hence with an exact tensor product, and has a Z/2-grading by positive 
and negative objects. Write M+ and M~ for the positive and negative summands 
of M in C, and C"*" for the strictly full subcategory of C consisting of the positive 
objects. If Q is a commutative algebra in C, then the cokerncl of the morphism 

Q- ®Q- 

in C obtained by restriction from the multiplication of Q is a quotient algebra of Q 
which lies in . The composite Q — > — * (3+ of the projections is then universal 
among morphisms of algebras from Q in C to commutative algebras in C"*". 
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The image i? of i? in C is a commutative and cocommutative Hopf algebra in 
C with n-j^ an isomorphism for n ^ 0. By the universal property of the algebra 
there is a unique structure of commutative and cocommutative Hopf algebra 
on R+ such that R R+ is a morphism of Hopf algebras, and n-j^^ is then an 

isomorphism for n ^ 0. Since is positive, we have R+ = 1. The kernel J of 
the counit i? ^ 1 is an ideal in the algebra R. We have i? = 1 © J and hence 
R^ = 1 © J+ . It follows that R~ ® R~ — > R'^ factors through an epimorphism 

(4.3.1) R-(^R-^J+^0 

in C. If i?^ has rank —d, we have ^' i?^ = for r > rf, so that by commutativity 
of the multiplication of R the restriction to (i?^)®'' of the r-fold multiplication 
fj,r : W'' ^ R is ior r > d. Since R' (E)R- R+ factors through (|4XT|) . it 
follows that the restriction of to J®'' = (J+ R-)'^'' is for r > d. Thus the 
images of the J***" ^ i? form a filtration of R by ideals for which 7*^+^ = and 
J+C./2. 

The restriction J ^ R(S)Roi the comultiplication to J has components at 101, 
1 © J and J (g) 1 respectively 0, Ij and Ij. Composing with the multiplication 
thus shows that the endomorphism 2-^ of R acts as 2 on J/J'^. Hence 2-^ acts as 
2'' on the quotient JVJ-^+i of (J/J^)®'' for r > 0. It follows that for s > the 
endomorphism ni=o(^K ^ 2'+' ) acts as on / J^^^^^ . Taking r = and s — d 
and using (1) above thus shows that there is a unique decomposition R — ®^^q Ri 
which is respected by 2-^^ and for which acts as 2^ on Rr- The composites 
J'' -^R-^ 0j<r^i and 0,>^ i?i i? ^ i?/J'' are for each r > 1 by [(2)] above, 
so that J*" = ®j>r-Rj- Thus the quotient i?i = J/J^ of J/J+ is negative, and 
the morphism of algebras Symi?i — > R defined by the embedding Ri ^ R is an 
epimorphism in C and hence by semisimplicity of C a retraction. 

Since the endomorphism nf=o(2l7 ~ 2*) ^ there is an e for which the 
endomorphism niLo(2i? ~ "^^T of R is 0. By (1) above, R has thus a unique 
decomposition i? = 0^^g -Ri respected by 2i{ such that (2^ — 2'')'^ is on Rr- 
Then i?,. lies above Rr for each R. Thus i?i is negative because its image in C is 
negative, and the morphism of algebras a : Sym _Ri — > i? defined by the embedding 
i?i ^ i? is a retraction in C because its image in C is a retraction. By |(2)| above, the 
unit and counit of R factor through Rq. Also the endomorphism 2^;^^ = 2fi (i) 2fi 
of i? i? sends Rr Rs to itself, and (2^?,^^ — 2'"+'')^'^^i acts on it as 0. Since 
the multiplication and comultiplication of R are morphisms of Hopf algebras, their 
only non-zero components are thus by |(2)| those of the form Rr iSi Rg Rr+s 
and Rr+s Rr <i5 Rs- Thus a induces a retraction 1 Rq, so that Rq ~ 1, 
and the restriction 6 : Ri ^ R (g) R oi the comultiplication of R to Ri factors 
through a morphism, necessarily the diagonal, from Ri to (gil)©(l(gii?i). 
The two morphisms of algebras Sym Ri — > i? (g) i? given by composing a with the 
comultiplication of R and the comultiplication of Sym i?i with a® a thus coincide, 
because both have restriction 6 to Ri. Hence a is a morphism of Hopf algebras. 
Similarly the morphism of coalgebras (3 : R ^ Sym i?i defined by the projection 
i? — > i?i is a morphism of Hopf algebras. Thus /3 o a is the identity, and a is an 
isomorphism. □ 

4.4. The splitting and unique lifting theorems. Let G be a fc-group. A com- 
mutative G-algebra R will be called simple if i? ^ and R has no quotient G-algebra 
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other than R and 0. By a G-scheme we mean a scheme over k equipped with an 
action of G. If i? is a commutative G-algebra, then Spec(i?) has a structure of 
G-scheme with the action of the point g of G on Spec(i?) defined by the action of 
g"^ on R. Suppose that G is of finite type. Then a G-scheme X is said to be ho- 
mogeneous if for some extension k' of k and fc'-subgroup H of G^', the Gfe' -scheme 
Xki is isomorphic to Gk> / H . It is equivalent to require that for every fc-scheme S 
and pair of points xi and X2 in S, there should exist a surjective etale morphism 
S' S and a point g of G in S' such that gxi — X2- 

Lemma 4.4.1. (Magid [T^, Theorem 4.5) Let G he a k-group of finite type and 
let R he a commutative G-algehra with R'^ = k. Then the G-algehra R is simple if 
and only if the G-scheme Spec(i?) is homogeneous. 

Let G be a fc-group. Then limits in the category of G-algebras exist, and coincide 
with limits of the underlying G-modules. However limits of G-modules do not 
in general coincide with limits of the underlying fc-vector spaces: the canonical 
homomorphism from a limit of G-modules to the limit of their underlying fc-vector 
spaces is injective but in general not surjective. If G is reductive, then limits 
of G-modules can be calculated isotypic component by isotypic component, and 
if i? is a finitely generated commutative G-algebra with i?*^ — fc, the isotypic 
components of R are finite dimensional. This fact renders plausible the following 
rather surprising result, for whose proof we refer to [16| . Lemma 5.2. 

Lemma 4.4.2. Let G be a reductive k-group, R he a finitely generated commutative 
G-algehra with R'^ = fc, and J ^ R he a G-ideal of R. Then R is the limit in the 
category of G-algebras of its G-quotients R/J^^. 

Let G be a fc-group and H he a. normal fc-subgroup of G. Then a (G/i?)-scheme 
may also be regarded as a G-scheme, and a G-scheme on which H acts trivially as 
a G/iJ-scheme. Suppose that G is of finite type, and let and X be a homogeneous 
G-scheme. Then the quotient X/H exists, and is a homogeneous (G/iJ)-scheme. 
Further if H is reductive and X = Spec(i?) is affine, then X/H = Spec(i?^). 

Lemma 4.4.3. Let G he a k-group of finite type, H he a normal k-suhgroup of G, 
X he a homogeneous G-scheme and Y he a homogeneous G/H-scheme. Then for 
any G-morphism Y X/H, the G-scheme X Xx/h^ is homogeneous. 

Proof. Let S* be a fc-scheme and (a;i,yi) and (x2,?/2) be S'-points of X Xx/h Y- 
Since F is a homogeneous G-scheme, there is a surjective etale morphism S' ^ S 
and & g € G{S') such that gyi = y2- Then 17x1 and X2 lie above the same S"-point 
of X/H . Thus there is a surjective etale morphism S" S' and an /i G H{S") such 
that hgxi = X2. Since H acts trivially on Y, we have hg{xi,yi) = (2^2:2/2)- D 

Let G be a fc-group of finite type and X be a reduced G-scheme of finite type. 
Then any G-morphism to X from a homogeneous G-scheme factors through a homo- 
geneous G-subscheme of X. Thus X has a dense open homogeneous G-subscheme 
if and only if there exists a dominant G-morphism to X from some homogeneous 
G-scheme. Such a G-subscheme is unique when it exists, and every dominant 
G-morphism from a homogeneous G-scheme factors (uniquely) through it. 

Lemma 4.4.4. Let G be a proreductive k-group, R he a commutative G-algehra 
with R^ = k, D he a G-suhalgehra of R, and p : R ^ R be the projection onto a 
simple quotient G-algebra of R. Suppose that the restriction of p to D is injective. 
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Then R has a G-subalgebra D' containing D such that the restriction of p to D' is 
an isomorphism. 

Proof. Denote by J the kernel of p. We consider successively the cases where (1) 
G is of finite type, = 0, and D is a finitely generated /c-algebra (2) G is of finite 
type and D is a finitely generated fc-algebra, and then (3) the general case. 

(1) By Lemma [4.4.11 the G-scheme Spec(i?) is homogeneous. Since D ^ R 
is injective and D is finitely generated, the G-morphism Spec(i?) Spec(-D) thus 
factors through an open homogeneous G-subscheme of Spec(D). Hence R is smooth 
over D. Write Ei for the set of D-algebra homomorphisms R ^ R right inverse to 
p, and Eo for the A:-space of derivations of R over D with values in J. Let F be a 
finite-dimensional G-submodule of R which contains k and generates R. We may 
regard Ei as a subset and Eq as a fc-subspace of the G-module ijjfc R of fc-linear 
maps from V to R. By smoothness of R over D, the set Ei is non-empty. Let e be 
an element of Ei . If extension of scalars to a commutative fc-algebra k' is denoted 
by a subscript k', then {Eo)k' is the fc'-module of derivations of Rk' over Dk' with 
values in Jk', and 

e + {Eo)k' C {V" ®fe R)k' 

is the set of -algebra homomorphisms Rk' Rk' right inverse to pk' , and hence 
is stable under G{k'). Thus E — ke + Eq is a. G-submodule of V"^ (^k R, and 
evaluation at 1 e defines a surjective G-homomorphism from E to k C R with 
fibre El above 1 G /c. Since G is reductive, the set E'^ D Ei of homomorphisms of 
G-algebras R ^ R over D right inverse to p is non-empty. Take for D' the image 
of such a homomorphism. 

(2) By Lemma [4.4.11 ^ is a finitely generated fc-algebra. Replacing R by its 
G-subalgebra generated by D and the lifting to i? of a finite set of generators of R, 
we may suppose that i? is a finitely generated fc-algebra. Then by Lemma [4. 4. 2) R 
is the limit in the category of G-algebras of its quotients R/J"^. If Dn is the image 
of D in R/ J", it is thus enough to show that any G-subalgebra D'„ D Dn of R/J"^ 
with D'n — > i? an isomorphism can be lifted to a G-subalgebra D'n+i 3 Dn+i of 
R/J"'~^^ with D'n+i — » i? an isomorphism. To do this, apply (1) with the inverse 
image of £)'„ in R/J'^+^ for R and Dn+i for D. 

(3) By Zorn's Lemma the set of those G-subalgebras B D D oi R for which 
the restriction of p to B is injective has a maximal element D' . Write D' as the 
filtered union of its finitely generated G-subalgebras Z?^; , and denote by 7i the set 
of those normal fc-subgroups H oi G for which G/H is of finite type. For each fi 
there is an if^ € H such that G acts on through G/H^. Now if Q is a simple 
G-algebra and _ff is a normal fc-subgroup of G then is a simple (G/i?)-algebra: 
we have Q^Q" ®Qi with Qi" = 0, so that / = (Q/)^ for any (G/iJ)-ideal / of 

. Hence by Lemma r4.4.1I Spec(i?^) is a homogeneous (G/i7)-scheme for H dH. 
Since p induces an injective G-homomorphism from I?^ to i?-^'', each Spec(Z3^) has 
thus an open dense homogeneous (G/iJ^)-subscheme X^. The then form an 
inverse system of G-schemes. 

Let B D D^hea. G-subalgebra of G with p{B) D 'R^'^ . Then ) D 'R"" , so 

that by (2) with G/H^, B^i^ and I?^ for G, R and D, there is a simple (G/i?^)-sub- 
algebra of B^i^ containing I?^ . Thus we have a unique factorisation 

Spec(B) ^ ^ Spec(-D^) 
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of the G-morphism Spcc(i3) Spcc(L)^). 

Since R is the union of the R^ with H ^ H, it wiU be enough to show that 
p{D') D W for every H e H. Fix an H G H. Then {X^/H) is a filtered inverse 
system of homogeneous (G/if)-schemcs, and hence for some /iq is constant for 
fi > fio- Also Ho ^ H n H^^ lies in H, so that by (2) with G/Hq, R"" , and 
Dfj^g for G, R, and D there is a G-subalgebra Dq D -D^q of R^° such that p 
induces an isomorphism ^ R^° . Then Dq and Dq^ are simple G-algebras, and 
piDo") D W. Write 

i:D'®k Do" R 

for the homomorphism of G-algebras defined by the embeddings, and D" for the 
image of i. Then D" D D' and D i?^. We show that 

(4.4.1) Kerz = Ker(p o i). 

This will imply that the restriction of p to D" is injective, and thus D' — D" by 
maximality of D' , so that p{D') D R" as required. 

For every fj. > fj-o we have a commutative diagram of G-morphisms 

Spec(i?) > Spec{Do) > Spec{Do") 

flJ.,H 

Xfj. > > X^„/H 

where the top arrows are defined by the embeddings, the bottom arrows are the 
transition morphism and the projection, and the right vertical arrow is defined 
using the isomorphism Spec(Z?o)/ff Spec{Do"). Thus we have a factorisation 

Spec(i?) ^ X^ ^x,jH Spcc{Do") -^X^x SpeciDo") ^ Spec{D^ (E)k Do") 

of the morphism defined by the restriction of i to (E)k Dq" ■ Now — ^ Xf^g /H 
factors through an isomorphism X^/H — > X^^/H, so that the G-scheme 

Z = X^ Xx^jH SpeciDo") = X^ x^^/h Spec(Do^) 

is homogeneous as a (G/(iJ fl ir^))-scheme, by Lemma [4.4.31 Hence the composite 
T{Z, Oz) R ^ R IS injective, because Spec(i?) — > Z factors through a faithfully 
flat morphism Spec(i?-^^^f') — > Z. Thus for ^ > /.to we have Keri^ — Ker(p o i^), 
because both coincide with the kernel of 13^ 0^ Do" r(Z, Oz)- Since Z?' is the 
union of the i?^ for /i > /iq , this gives (|4.4.ip . □ 

Let V and V" be fc-pretensor categories with End(l) — k. We may regard T>' 
and I?" as full fc-pretensor subcategories of V 0k T^" ■ If the pseudo-abelian hulls 
of V and V" are (positive) Kimura fc-tensor categories, then the pseudo-abelian 
hull of V ®k 25" is a (positive) Kimura fc-tensor category, because every object of 
V ®k 'D" is a tensor product of an object V with an object in V" . Let I? be a rigid 
fc-pretensor category with End(l) = fc and Rad(D) = 0. Then Rad(I> ®k ^) = 0. 
In particular the fc-tensor functor V ^ V with restriction the identity to each 
factor V is faithful. liU' : V ^ V and U" : V" — > V are faithful fc-tensor functors, 
it thus follows by factoring through V^k'D that V ®k T^" with restriction U' 
to V and U" to V" is faithful. 

Let G be a fc-group. Then REPi;(G) is an ind-completion Repj.(G), and an 
algebra in REPfe(G) is the same as a G-algebra. Given a G-algebra i?, we thus 
have the fc-pretensor category !Fii and fc-tensor functor Fr : Repfc(G) Tr defined 
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in Section 12. 3( and given a morphism f : R ^ R' oi commutative G-algebras we 
have the /c-tensor functor Tf : Tr Tr' with Fr> = ^fFR. If J-f : J-r Tri 
is faithful (resp. full), then f : R R' is injective (resp. surjective). Indeed for 
every M in Repj,(G) the isomorphisms 0r-m.i and 9ri-m.i of (|2.3.8p show that 
the homomorphism from Home (M, i?) to HomG(-/V/, i?') induced by / is injective 
(resp. surjective). If Tr is non-zero and has no tensor ideals other than itself and 
0, then i? is a simple G-algebra. Indeed any non-zero morphism f : R R' oi 
commutative G-algebras is injective, because J-f is faithful. 

Lemma 4.4.5. Let C and P be k-pretensor categories whose pseudo-ahelian hulls 
are Kimura k-tensor categories. Then any lifting I? — > C along the projection 
P : C C of a faithful k-tensor functor 2? — > C factors up to tensor isomorphism 
through some right inverse to P. 

Proof. Let E : V ^ C he a /c-tensor functor with PE faithful. We note that 
E factors up to tensor isomorphism through some right inverse to P if and only 
if E is tensor isomorphic to TPE for some right inverse T of P. Further these 
two equivalent conditions are also equivalent to those obtained by replacing "right 
inverse" by "right quasi-inverse" , where T is said to be right quasi-inverse to P when 
PT is tensor isomorphic to the identity. Indeed modifying such a T by liftings to C 
of the components of a tensor isomorphism PT ^ Idg- gives a strict right inverse. 

Let Ci and Vi be pseudo-abelian hulls of C and V. Then C is a full fc-pretensor 
subcategory of Ci , and P is obtained by restriction from the projection Pi : Ci ^ Ci. 
Further E : T> ^ C extends to an Ei : T>i Ci, any right inverse Ti to Pi defines 
by restriction a right inverse T to P, and Ei tensor isomorphic to TiPiEi implies E 
tensor isomorphic to TPE. Replacing C and T> by Ci and we may thus suppose 
that C and V are Kimura /c-tensor categories. 

Since C is split and PE is faithful, V is split. It has been seen in Section l472l 
that there is a split Kimura fc-tensor category C and a fc-tensor functor C — > C 
through which every /c-tensor functor from a split Kimura fc-tensor category to C 
factors up to tensor isomorphism, and whose composite C —>■ C with P is full and 
essentially surjective. Then C — > C induces an equivalence C — > C. Factoring E up 
to tensor isomorphism through C — > C and replacing C by C, we may thus suppose 
that C is split. If we denote by a dagger the fc-tensor category obtained from a split 
Kimura fc-tensor category by modifying its symmetry according to the Z/2-grading 
by positive and negative objects, then a fc-tensor functor ^ — > C is at the same 
time a fc-tensor functor C\ and the projection C ^ C is at the same time the 

projection — > C^. Replacing C and T> by and T>^ , we may thus suppose that 
C and T> are positive Kimura fc-tensor categories. 

For B the fc-tensor category of finite-dimensional representations of an appropri- 
ate product of general linear groups over fc, there is by Theorem 14 . 1 . 21 an essentially 
surjective fc-tensor functor S — > C. We have Endg(l) — k, and Rad(;B) — because 
B is semisimple abelian. The composite with P of the fc-tensor functor 

B(E)kV-^C 

defined by B C and E is thus faithful, because its restrictions to B and V are 
faithful. If 2? is a pseudo-abelian hull of B (E)k T^, it follows that E factors through 
an essentially surjective fc-tensor functor E : T> ~^ C with PE faithful. Since each 
of B and 2? is a positive Kimura fc-tensor category, so also is T>. Replacing E by E, 
we may thus suppose further that E is essentially surjective. 
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For an appropriate product G of general linear groups over k we have an essen- 
tially surjective fc-tcnsor functor K : Repj.(G) T). We obtain from it as follows 
commutative G-algebras D, R and K and a diagram of fc-tensor functors 



R P — 

V ) C ) c 



/2 



/3 



(4.4.2) 

where the li are fc-tensor equivalences and the squares commute up to tensor iso- 



morphism. By Lemma [2.3.11 (i) we have K = l\Fu and E'X = 72^^? with I\ and 
/2 fully faithful. Then /i and /2 are fc-tensor equivalences because K and EK are 
essentially surjective. Thus there is a fc-tensor functor E : J-jj J-r with EIi 
tensor isomorphic to I2E. Composing with I2 shows that F]^ is tensor isomorphic 
to EFd- Since Fd is bijective on objects, we may assume after replacing E' by a 
tensor isomorphic functor that Fr — EFjj. Thus by Lemma [2.3. lj(ii)| i? = Te for a 
homomorphism of G-algebras e : D ^ R. This gives the left square of (I4.4.2|) , and 
the right square is obtained similarly. From (|4.4.2|1 it follows that Kad{T-j^) = 0, 
that Endjr^(l) — fc, and that J-'p is full and J-poe = J'pJ'e is faithful. Thus i? is a 
simple G-algebra, Bp = HomG(fc, FC) = fc, and p is surjective and p o e is injective. 
Lemma [4.4.41 thus shows that p has a right inverse through which e factors, so that 
J^p has a right inverse through which Te factors. Thus by (|4.4.2p . P has a right 
quasi-inverse through which E factors up to tensor isomorphism. □ 

The following fundamental result is due to Andre and Kahn [3], 16.1.1 (a) (see 
also [16 , Theorem 1.1). As with Theorem 14.4.71 below, it is obtained here as a 
consequence of Lemma 14.4.51 

Theorem 4.4.6. (Andre and Kahn) LetC be a k-pretensor category whose pseudo- 
ahelian hull is a Kimura k-tensor category. Then the projection C C has a right 
inverse. 

Proof. Apply Lemma 14.4.51 with V consisting of the single object 1 for which 
End(l) = fc. □ 

Theorem 4.4.7. Let C and V be k-pretensor categories whose pseudo-abelian hulls 
are Kimura k-tensor categories. Then between any two liftings D ^ C along the 
projection C C of a faithful k-tensor functor K : D C there exists a tensor 
isomorphism lying above the identity of K. 

Proof. Let Ki and K2 be liftings V ^ C K along the projection P : C ^ C. 
Then the fc-tensor functor V ®kT^ ^ C with restrictions Ki and K2 to the factors 
T> has a faithful composite with P. By Lemma [4.4.51 it thus factors up to tensor 
isomorphism through a right inverse T to P. There thus exists for i = 1, 2 a tensor 
isomorphism Ki ^ TK'i for some K'i, and hence (pi : Ki ^ TK. Composing with 
{TP){tff^) shows that Lpi may be taken to lie above the identity of K . The result 
follows. □ 

It follows from [3], Proposition 13.7.1 that the conclusion of Theorem l4.4.7l holds 
for any fc-pretensor category V (not necessarily rigid) whose pseudo-abelian hull 
is semisimple abelian. On the other hand when the pseudo-abelian hull of C is 
a positive Kimura category, it can be shown that the conclusion of Theorem 14.4.71 
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holds for an arbitrary fc-pretensor category 2?. It seems very likely that in fact The- 
orem |4A7] is valid without any hypothesis on V. If so, this would have important 
consequences for algebraic cycles, as will be explained in 16.31 

5. Motives 

In this section k is a field of characteristic 0, and S is a non-empty, connected, 
separated, regular excellent noetherian scheme of finite Krull dimension. 

5.1. Chow motives. Denote by S the category of those separated, regular, excel- 
lent noetherian schemes which are non-empty with every connected component of 
the same finite Krull dimension. Given a scheme Z in S, we write CH{Z) for the 
Chow group of Z, graded by codimcnsion of cycles, and CH{Z)k for CH{Z) ® k. 
Since Z is separated, regular and noetherian, the Grothendieck group Ko{Z) of 
locally free O^-modules of finite type coincides with the Grothendieck group of 
coherent O^-modules. Thus Kq{Z) has both a 7-filtration defined by its structure 
of A-ring and a filtration by codimcnsion of support of coherent sheaves. There 
is a canonical homomorphism CH{Z) — > Ko{Z) which sends the class in CH{Z) 
of the reduced and irreducible closed subscheme of Z to the class in Kq{Z) 
of the coherent O^-module Ow- Since fc is a field of characteristic and Z is 
separated, regular, noetherian and of finite Krull dimension, it follows for exam- 
ple from [17j . Theoreme 4 that the 7-filtration and the filtration by codimcnsion 
of support induce the same filtration on Kq{Z) ® k, and that CH{Z) — > Ko{Z) 
induces an isomorphism from CH{Z)k to the graded fc-vector space associated to 
Kq{Z) ® k. The ring structure on Kq{Z) then defines a structure of graded com- 
mutative fc-algebra on the graded fc-vector space CH{Z)k, which coincides when 
Z is smooth and quasi-projective over a field with that induced by the Chow ring 
structure of CH{Z). Similarly the puUback Ko{Z) Kq{Z') along any / : Z 
in S defines a homomorphism /* : CH{Z)k CH{Z')k of graded fc-algebras, and 
if / is proper and Z and Z' have Krull dimensions d and d' , the push forward 
Ko{Z') Kq{Z) along / defines a homomorphism /, : CH{Z')k CH{Z)k of 
degree d — d' oi graded fc-vector spaces. We have (/ o /')* — /'* o /* and if / and 
/' are proper (/ o = /* o /'*• If f : Z' ^ Z is proper we have the projection 
formula f^{z' .f*z) — f^z'.z for z in CH{Z)k and z' in CH{Z')k- If is a closed 
subscheme of Z with complement U and W lies in S, we have an exact sequence 

(5.1.1) CH{W)k CH{Z)k ^ CH{U)k ^ 0, 

with the first arrow push forward along the embedding W Z and the second 
puUback along the embedding U Z. 

Let f : Z' ^ Z and p : Y Z he morphisms in S such that the puUback 
h : Y' ^ Y oi f along p lies in S, and suppose that / is proper and that Y and Z' 
are Tor-independent over Z . Then if p' : Y' ^ Z' is the projection, we have 

(5.1.2) p* o f^^h^op'*. 

Indeed (|5.1.2p holds with CH{—)k replaced by Ko{—), as can be seen by a Cech 
calculation after taking a finite afhne open cover of Z' (see for example [10], 8.3.2 
and [6], II 2.2.2.1). 

Let j : W ^ Z in S he the embedding of a closed subscheme. Then j is a regular 
immersion. If the conormal sheaf M oiW in Z a. free OvK-module of rank > 0, then 

(5.1.3) J*oj, =0. 
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Indeed dSTS]) holds with CH{-)k replaced by Kq{-), because ([6, , VII 2.4 and 2.5) 
Tor f^ {J^, Ow) is isomorphic to J-®Ow K ^ ^'^^ every i and locally free Ovi^-module 
of finite type T. 

Let / : Z' — > Z in iS be proper and surjective. Then /* is injective and /, is 
surjective. Indeed let W he a. reduced and irreducible closed subscheme of Z with 
generic point w. Then the fibre of / above w is non-empty. If w' is the image in 
Z' of a closed point of this fibre, then f{'w') = w, and the residue field of Ozi,w' 
is finite over the residue field of Oz,w Thus /* sends the class in CH{Z')k of the 
reduced and irreducible closed subscheme of Z' with generic point w' to a non-zero 
multiple of the class in CH{Z)k of W . This shows that is surjective, and if 
f*{z') = 1, the injectivity of /* follows from the projection formula f^,{z'.f*z) = z. 

Suppose now that / is proper and bijective, and hence a homeomorphism. Then 
/* and /, are bijective. Indeed let be a reduced and irreducible closed subscheme 
of Z with generic point w. Then w = f{w') for a unique point w' of Z'. Any regular 
sequence in Oz,w which generates the maximal ideal of Oz,w has image in Oz'.w' 
a regular sequence which generates in Oz',w' an ideal with radical the maximal 
ideal. If w' is the generic point of the reduced and irreducible closed subscheme 
W of Z' , it thus follows by considering Koszul complexes that the fibre at w' of 
Tor f^ (Ow, Oz>) is non-zero for z = and zero for z > 0. Thus /* sends the class 
of W in CH{Z)k to a non-zero multiple of the class of W in CH{Z')k- This shows 
that /* is surjective. That /* is injective now follows from the projection formula 
f*f*i^) = /*(l)-^7 because /*(!) is a unit by the fact that / is a homeomorphism. 

Denote by V5 the cartesian monoidal category of those proper and smooth 
schemes over S which are non-empty and of constant relative dimension. The 
category Vs has a dimension function with dim X the relative dimension of X over 
S. By assumption, S lies in 5, and hence every scheme in Vs lies in S. We have a 
Chow theory CH{—)k on Vs which sends X to the graded fc-algebra CH{X)k, with 
p* and for p : X ^ Y in Vs ss defined above. Indeed it is clear that conditions 



(a) (b) and (c) in the equivalent form |(c)[ , of Definition 13 . 1 .T] are satisfied. Given 
X ^ X' and Y inVs, the projection X' x gY ^ X' is flat, and hence X' XsY and 
X are Tor-independent over X', so that by (|5.1.2p condition |(d)| in the equivalent 
form |(d)| is also satisfied. 

Write {M^s.k, h^s,k, i^^S.k) for the Poincare duality theory associated to CH{—)k 
on Vs, and 7 for the universal morphism. Pushing forward along the embedding 
of A4'^s,k into a pseudo-abelian hull Ais,k, we obtain a Poincare duality theory 
(■A^s.fej hs^k, ^s,k)- Then Ms,k is the rigid /c-tensor category of fc-linear Chow mo- 
tives over and 

Usually we write hs,k and vs,k as hs and vs or simply as h and v. As in p.4.ip . 7 
defines for every X and Y in Vs and m and n an isomorphism 

lX,Y,ra,n ■ ^ Y)k ^ M s,k(KX){m) , h{Y){n)) 



such that (i) (ii) (iii) and (iv) of ProDOsition [X4.1l hold. as well as (|3.4.5|) . (I3.4.6P 



and (|3.4.7p . It is possible to take as Ms^k the category of Chow motives as usually 
defined, where an object is a triple (X, e, m) with X a proper smooth S'-scheme, 
e in CH{X X5 X)k idempotent under composition of correspondences, and m an 
integer, and to identify M^s.k with the full subcategory consisting of the (X, e, m) 
with X in Vs and e the identity. If k' is an extension of fc, there is a fc-tensor functor 
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from Ms^k to A4s',k, unique up to tensor isomorphism, whieh defines a morphism 
from {Ms,k, hs,k, i^s.k) to {Ms,k', hs,k' , i's,k') compatible with the isomorphisms 7. 

Let p : X ^ r be a morphism in Vg. By h{p) : h{Y) ^ h{X) is a 

section if and only if there is a /3 in CH{X X5 Y)k with (p x the class of 

the diagonal of Y in CH{Y X5 F)fc, and by (I3.4.7|) h{p) is a retraction if and only 
if there is an a in CH{X X5 F)^ with (X x p)*{a) the class of the diagonal of X 
in CH{X Xs X)k- It follows that h{p) is a section when p is surjective, and an 
isomorphism when p is a universal homeomorphism. In particular taking for p the 
structural morphism of X shows that the identity 1 — > h{X) is a section in Ms,k- 

Let / : >5" — > 5 be a morphism with S" in S connected. Then the product- 
preserving functor — X s S' : Vs ^ Vs' defined by / preserves the dimensions, and 
the homomorphisms 

(5.1.4) CH{X)k^CH{X xsS')k 

defined by the projections X Xs S' ~> X give a morphism ip of Chow theories 
from CH{—)k on Vs to the puUback along Vs — > Vs' of CH{-')k on Vs'- Indeed 



condition (a) of Definition 13.1.21 is clearly satisfied. Also X and Y Xs S' are Tor- 
independent over Y for any X ^Y vaVs, because X and Y are both flat over S. 
It thus follows from ()5.1.2|1 that condition |(b)| of Definition 13.1.21 is satisfied. By 
the universal property of (A4°s,fc, hPs,k, v^s,k), there exists a unique morphism from 
{M^s,k, h°s,k, i'°s,k) to the puUback of (XV.fc, h°s',k,i'°s',k) along Vs ^ Vs' whose 
associated morphism of Chow theories coincides, modulo isomorphisms 7, with ip. 
We obtain from it, using the universal property of the pseudo-abelian hull A4s,k of 
M^S',k, a fc-tensor functor /* : Ms.k ■M.S'.k such that 

r{hs{X){n)) ^ hs.{X Xs S'){n) 

for every X and n, and such that by (|3.4.3p the action of /* on morphisms from 
hs{X){m) to hs'{Y){n) is given, modulo the isomorphisms 7 and the structural 
isomorphisms of Vs Vs', by ()5.1.4p with X replaced by X XsY. If / is proper 
and surjective then (|5.1.4p is injective for every X, so that /* is faithful. 

Suppose that / : 5' — > 5 is proper and smooth. Then any object in V5" may be 
regarded, after composing its structural morphism with /, as an object of Vs- For 
any integers n and n' and X in Vs and X' in V5', we obtain an isomorphism 

(5.1.5) MsAhs{X){n),hs(X'){n')) ^ Ms'.k{hs'{X xs S'){n),hs'{X'){n')) 

by applying /* and then composing with hsi{ax'){n'), where ax' : X' X' x s S' 
the canonical morphism over S' . Indeed (|3.4.7p shows that (|5.1.5p coincides, modulo 
the isomorphisms 7, with (7^dimX+n )j, applied to the isomorphism 

{Xxs S') XS' X'^iXxs S') xs'iX' xsS')^Xxs X'. 

It follows from (|5.1.5p that /* has a right adjoint with 

Mhs>{X'){n'))^hs{X'){n'), 

where the counit is 

h{ax'){n') : f* Mhs>iX'){n')) hs'{X'){n'). 

If a is the push forward of a' along X' xs' Y' — > X' xs Y', then /, sends 
JX',Y',i',j'{<x') to jx',Y',i',j'{<^), because by (|3.4.6p the image of jx',Y',i',j'{a') ° 
hs>{ax'){i') under the inverse of the adjunction isomorphism is jx'.Y'A'j'io.). 
Considering images of idempotent endomorphisms then shows using (|3.4.5p that 
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f^{M' {n')) is isomorphic to f:,{M'){n') for every M', and using Proposition l3.4.1 (i) 
that /*(A/'^) is isomorphic to f^,{M'Y{d) with d the relative dimension of S" over 
S. li hx X y. s S' ^ X IS the projection, the unit is 

hs{bx){n) : hs{X){n) ^ f^f* {hs{X){n)), 

because when X' = X Xs S' and n = n' the image of hs{bx){n) under (|5.1.5p is 
the identity. Since every bx is surjective, every hs(hx) is a section, so that the unit 
M f*f*M is a section for every M in J^s,k- Similarly if / is finite and etale 
then every ax' is an open and closed immersion, so that the counit f* ft,M' M' 
is a retraction for every M' in TWg/^fe. 

Suppose now that / is finite and etale. Then there exists a finite Galois cover 
fi : Si ^ S oi S with Si connected such that the set F of morphisms from 5*1 to S' 
over S is non-empty. For every a GT, composing the counit with a* gives a natural 
transformation c(ct) : /i*/* — > a*. The morphism from /i*/*M' to Q^rer'^*^^' 
with component c(ct)m' at a is then an isomorphism for every M' because it is an 
isomorphism when M' = hs'{X')(n'). In particular the rank of /*M' is the rank 
of M' multiplied by the degree of /. Further /i*/* preserves positive and negative 
objects. Since f* is faithful, it follows that preserves positive and negative 
objects. 

Proposition 5.1.1. If S' is the spectrum of the local ring of the generic point of 
S and f : S' ~* S is the inclusion, then f* : A4s,k ^ ■Ms',k is full, and every 
morphism in its kernel is tensor nilpotent. 

Proof. It is enough to show that (|5.1.4p is surjective for every X in Vs, and that 
if a lies in its kernel and X" is the n-fold fibre product of X over S, then a®" in 
CH{X"-)k is for some n. The surjectivity of (|5.1.4p is clear, because each cycle in 
CH{XxsS')k\s the pullback along X XsS' ^ X XsU oi& cycle in CH{XxsU)k 
for some non-empty open subscheme U of S, and CH{X)k CH{X U)k is 
surjective. 

Let U 7^ 5 be a non-empty open subscheme of S. Then we can see as follows 
that there is an open subscheme U' of S strictly containing U such that for every 

Y in Vs and j3 in CH{Y)k with restriction to Y Xs U, the restriction of /?®^ to 

Xs U' is 0. The reduced subscheme Wi of S with support S — U has a non- 
empty connected open subscheme W which is regular and hence lies in S, because 
S and hence Wi is excellent ([9], 7.8.6 (iii)). Then U UW is a.n open subscheme 
U' of S which is connected because S is irreducible, and W ^ U' is a. non-empty 
closed subscheme of U' with complement U. By taking W sufficiently small we may 
suppose that the conormal sheaf of W in U' is free. Suppose that (3 in CH{Y)k has 
restriction Q to Y XsU . Then (jS.l.ip applied to the embedding i oiY XsW into 

Y XsU' shows that (3 has restriction to Y XsU' for some 5 in CH{Y Xg W). 
If j is the embedding of XsW into Y^ Xs U', then by (|5.1.2p we have 

(pr.)***('5)=J*((pr.)*(<5)) 

for r = 1,2, because the projections are flat. Thus the restriction of /?®^ to Y'^XsU' 

j;((pri)*(<5)).j.((pr2)*(<5))=j;(rj*((pri)*(<5)).((pr2)*(<5)))=0 
by (|5.1.3p . because the conormal sheaf of X5 ly in y^ XsU' is free of rank > 0. 

Now let a be a cycle in the kernel of CH{X)k CH{X Xs S')k- Then for some 
non-empty open subscheme Uq of S the restriction oi a to X x s Uq is 0. Since S 
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is nocthcrian, it follows inductively by the above that there is an ascending chain 
of open subschemes Uo,Ui,. . . , Um = X oi X such that the restriction of a®^ to 
X^*^ Xs Ur is 0. Taking r = m now gives what is required. □ 

A motive in A4s,k is called effective if it is a direct summand of h{X) for some 
X in Vs- Since 1 is a direct summand of h(P^s), any direct summand of h{X) is 
also a direct summand of h{Xi) with Xi = X XsP^s of dimension dim X + 1. The 
full subcategory of J^s.k consisting of the effective motives is thus pseudo-abclian, 
a hence fc-tensor subcategory, which we denote by M'^sk- "^^^ motive 1(— 1) is 
effective, because it is a direct summand of h{P^s)- If in M.s,k is effective, then 

Ms,k{-^,M(i)) = Q 

for i < 0, because it is isomorphic when M = h{X) to CH'^{X)k- Given f : S' ^ S 
in S with 5" connected, /* preserves effective motives, as does /* when / is proper 
and smooth. If M is a direct summand oi h{X) for some X of dimension < d, then 
M and d) arc effective. The converse holds when S is the spectrum of a field, 

but this will not be needed. 

For any integer i > 0, we define inductively as follows the notion of effective 
motive of degree > i. Every effective motive in Ai s.k will be said to be of degree 

> 0. If i > 0, a motive M in A4 s,k will be called effective of degree > i if M is 
effective and if 

Xs,fc(l,M®L(i-l))-0 
for every effective motive L in Ai s.k oi degree > i — 1. An effective motive M is of 
degree > i if and only if M{—1) is of degree > i + 2. Indeed the "only if" follows 
because M(— 1) (g) L{i + 1) is isomorphic to L (g) M{i), and the "if" then follows 
because M ^ L{i — 1) coincides with M(— + It is easily seen by 
induction on i that M effective of degree > z + 1 implies M effective of degree > i, 
by showing at the same time that M effective of degree > i implies M(— 1) effective 
of degree > i + 1. Similarly if M is effective of degree > i and iV is effective then 
M N is effective of degree > i. In what follows essential use will be made of this 
notion only for i — 0,1,2. 

For i > 0, a motive M will be called effective of degree < i if M is effective and 
M^(— z) is effective of degree > i, and effective of degree i if it is effective of degree 

> i and of degree < i. For M effective, M of degree < i implies M oi degree < i + 1 
and M(— 1) of degree < i + 2. If M is effective of degree > i + 1 and N is effective 
of degree < i, then Ms,k{N, M) = 0. If both M and M'^{-i) are effective, and in 
particular if M is a direct summand of h{X) with dimX < i, then M is of degree 
< 2i. 

Proposition 5.1.2. // S is the spectrum of a field and f : S' ^ S is defined 
by a purely inseparable extension, then f* : M.s,k M.S',k is an equivalence of 
categories, and it induces an equivalence between the full subcategories of effective 
motives. 

Proof. We may assume that S is of characteristic > and / is finite. For every X 
in Vs, the projection from X x g S' to X is then proper and bijective, and hence 
induces an isomorphism from CH{X)k to CH(X Xs S'). Thus /* is fully faithful. 
Since / is defined by a finite purely inseparable extension, a sufficiently high power 
Frg, of the Frobenius endomorphism Frs' of S' factors as 
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Let X' be a scheme in Vs'- Then if X is the puUback of X' along S ^ S' , the 
pullback X' of X' along Fr^, coincides with the puUback of X along /. By natural! ty 
of Fr, the endoniorphism Fr^/ of X' factors as a morphism X' X' over S' followed 
by the projection X' —f X'. Then X' ^ X' is a universal homeomorphism. Hence 
hs'{X') is isomorphic in M.s',k to f*hs{X). Since /* is fully faithful, it follows that 
any direct summand M' of hs' {X') is isomorphic to f*M for some direct summand 
M' of hs{X). Thus /* is essentially surjective on full subcategories of effective 
motives. □ 



Let f : S' S he dominant with S" in S connected. We can see as follows that 
/* : Ms,k M.s',k reflects isomorphisms, sections and retractions. Reduce by 
Proposition 15. 1 . II to the case where S is the spectrum of a field, then by replacing 
5" by an open subscheme to the case where S' is affine, next by writing S' as the 
limit of schemes of finite type over S to the case where / is of finite type, and 
finally replacing S' by the reduced subscheme on a closed point to the case where 
5" is defined by a finite extension of fields, which may be assumed separable by 
Proposition [511121 It that case the unit M — > f^,f*M is a section for every M, so 
that /* reflects sections. Taking duals then shows that /* also reflects retractions. 
Similarly /* reflects Kimura objects: again we reduce to the case where / is defined 
by a finite separable extension of fields, when f*M a Kimura object implies f^f*M 
and hence M a Kimura object. 

Let / : 5" ^ S* be finite and etale with 5" connected. Then /<,(iV'^) is isomor- 
phic to f^{N'y and f^{N'{n)) to f^{N'){n) for every motive A^" in Ms',k- Since 
/* is right adjoint to /* and the units M — > f,,f*M are sections and the counits 
f*f*M' M' are retractions, it follows that both /* and /* preserve and reflect 
effective motives of degree > i and effective motives of degree < i. By Proposi- 
tion l5.1.2l the same holds if / : 5" ^ S* is defined by a finite extension of fields. If / 
is defined by an algebraic extension of fields, then every object and every morphism 
in Ais',k is the pullback from some finite subextension, so that again /* preserves 
and reflects effective motives of degree < i and of degree > i. 

Given X in Vs, we have the Stein factorisation X Xq — > 5 of X — > S", where 
Xq — > S finite and etale and p : X Xq is surjective with geometrically connected 
fibres. Then h{p) : /i(Xo) h{X) is a section, and /i(Xo) is self-dual and hence 
effective of degree < 0. For any Y in Vs, the morphism p Xg Y is proper and 
surjective with geometrically connected fibres, and hence induces an isomorphism 
from CH°{Xa XsY)k to CH°{X XsY)k. Thus h{p)®h{Y) induces an isomorphism 

A^s,fe(l, h{Xo) ® h{Y)) ^ MsMh KX) ® h{Y)), 

so that the cokernel of h{p) is effective of degree > 1. Hence h{p) is universal among 
morphisms in A^s.fc with target h{X) and source an effective motive of degree < 0. 
Since every effective M is a direct summand of some h(X), the embedding into 
■^s^k of full subcategory of effective motives of degree < has a right adjoint 
T<o, and for each M the counit t<oM ^ M is a section with cokernel effective of 
degree > 1. An effective motive M is of degree > 1 if and only if t<oM = 0. We 
have T<oh{X) = h{Xo), so that the category of effective motives of degree is the 
category of fc-linear Artin motives over S, i.e. the pseudo-abelian hull in Ms.k of 
the full subcategory consisting of the h{X) with X non-empty, finite and etale over 
S. If M and M'^(-l) are effective, and in particular if M = h{X) with dimX < 1, 
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then applying t<o to M^(— 1) gives a decomposition 

(5.1.6) M = Mq®Mi®M2{-1) 

with Mo and M2 effective of degree and Mi effective of degree 1. The functor t<o 
commutes with puUback along any S' S, because the Stein factorisation does. 
It follows that puUback preserves effective motives of degree > 1. 

For any effective motive M in Ais,k, we write r>iM for the cokernel of the 
counit T<oM M. Then M t>iM is universal among morphisms from M to 
an effective motive of degree > 1 . If L is an effective motive of degree > 1 , there is 
a retraction h{X) — > L for some X in Vs, which must factor through a retraction 
T>ih{X) L. Thus every effective motive of degree > 1 is a direct summand of 
some T>ih{X). Suppose that S is the spectrum of a separably closed field. Then 
every X in Vs has an S-point, and if X is connected the morphism p : h{X) — > 1 
defined by any S'-point of X is left inverse to the counit 1 = T<:Qh{X) h{X), 
so that h{X) — * T>ih{X) induces an isomorphism from Kerp to T>ih{X). Now 
for Xi and X2 in Vs with the same dimension, h{Xi 11 X2) is a direct summand 
of h{Xi X X2), because h(Xi) and h(X2) have the direct summand 1. It follows 
that for S the spectrum of a separably closed field, any effective motive in M.s^k of 
degree > 1 is a direct summand of a motive Kerp with p : h{X) — > 1 defined by an 
5-point of a connected X in Vs- 

Denote by S the spectrum of the local ring of the generic point of S and by 
j : S ^ S the embedding. Then for X in Vs, puUback along j induces a bijection 
from the set of connected components of X to the set of connected components of 
X Xs S, and hence an isomorphism from CH°{X)k to CH^{X xg S)k- For L an 
effective motive in A4 s,k, the functor j* : Ais,k — > -^s k ^^^^ defines a natural 
isomorphism 

(5.1.7) Ms,k{-^,L)^Ms^^{l,fL). 

Taking L = M ® N with M and A'^ effective then shows that if M is effective and 
j*M is of degree > 1 then M is of degree > 1. 

Given X in Vs with Stein factorisation X ^ Xq ^ S, the reduced and irre- 
ducible closed subschemes of X of codimension 1 with image in S strictly contained 
in S are the puUbacks along X ^ Xq oi the reduced and irreducible closed sub- 
schemes of Xq of codimension 1. With S as above, we thus have a short exact 
sequence 

^ CH\Xo)k ^ CH\X)k ^ CH\X xsS)k^ 0. 
Hence for L an effective motive in M.s,k we have a short exact sequence 

(5.1.8) ^ A^s,fc(l, (r<oi)(l)) - Ms,k{l, L{1)) -> X^^Jl, {j*L){l)) ^ 

which is natural in L, where j is the embedding. \{ L = M ® N with M and N 

effective and N of degree > 1, then T<oi = because L is effective of degree > 1. 
Thus if M is effective and j*M is of degree > 2 then M is of degree > 2. 

Proposition 5.1.3. Let i >0 and j > be integers with i+j<2, and let M and 
N be effective motives in Ms,k- Then M ®N is of degree <i+j if M is of degree 
< i and N is of degree < j, and M ^ N is of degree > i + j if M is of degree > i 

and N is of degree > j . 

Proof. By definition, an effective motive L is of degree < r if and only if {—r) is 
effective of degree > r. Thus it is enough to prove that M ®N is oi degree >i+j 
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if M is of degree > i and N is of degree > j. The cases where i or j is have been 
seen. It remains to consider the case where i ^ j = 1. 

Suppose that both M and N are of degree > 1. It is to be shown that M ® N 
is of degree > 2. Write S and S for the respective spectra of the local ring of 
the generic point of S and its algebraic closure. It has been seen that an effective 
motive in A^s.fc is of degree > 2 when its puUback along S* ^ 5 is of degree > 2, 
and similarly for puUback along S —>■ S. Since puUback preserves effective motives 
of degree > 1, we may thus suppose after replacing S* by S" that S is the spectrum 
of an algebraically closed field. We show in this case that if ii, L2, L3 are effective 
motives in A4s,k of degree > 1, then 

(5.1.9) A1s,fe(l,ii«'i2®i3(l)) = 0. 

Taking Li — A/, L2 ^ N will then give the required result. We may suppose that 
Lr — Keipr for r = 1,2,3 with pr : h{Xr) —>■ 1 defined by an S'-point Xr of a 
connected Xr in Vs- The left hand side of (|5.1.9p may be then identified by means 
of the natural isomorphism 

MsM'i-. KXi) ® KX2) ® h{X-i){l)) ^ CH\Xi XSX2XS X3)k, 

with the fc-subspace of CH^{Xi Xg X2 X5 Xa)^ consisting of those elements with 
restriction to the subscheme with rth coordinate Xr for r = 1,2,3. By the theorem 
of the cube, this fc-subspace is as required. □ 

Suppose that S is the spectrum of a field. Call a Z in Vs almost abelian if 
for some S' over S defined by a finite separable extension Z Xg S' can be given a 
structure of abelian variety over S' . It is equivalent to require that Z can be given 
a structure of principal homogeneous space under some abelian variety A over S. 
Let X in Vs be geometrically connected. Then there exists a morphism 

X A\h\X) 

which is universal among morphisms X Z in Vs with Z almost abelian, and its 
formation commutes with extension of scalars. We briefly recall its construction. 
By Galois descent we may suppose that X has an S'-point x. Write ViX) for the 
reduced subscheme of the Picard scheme of X with support the identity component. 
It is an abelian variety and represents the functor on reduced connected pointed 
schemes {W, w) over S that sends {W, w) to the subgroup of Pic{X x s W) trivial 
on a; X and X x w. If we take Alb"^(X) = VV{X), then the morphism a : X ^ 
Alb^(X) defined by the universal element of Pic(X xg V{X)) has the required 
universal property. Also a induces an isomorphism from ^(Alb (X)) to V{X), and 
hence for any reduced connected pointed scheme {W, w) over S an isomorphism 
from the subgroup of Pic(Alb^(X) Xs W) trivial on a{x) x W and A\h^{X) x w to 
the subgroup of Pic{X Xg W) trivial on x x W and X x w. 

Theorem 5.1.4. Every effective motive of degree in A^s,fc is positive and every 
effective motive of degree 1 in Ms.k is negative. 

Proof. Pulling back along S' ^ S with S' the spectrum of an algebraic closure of 
the local ring of the generic point of S, we may assume that S is the spectrum of 
an algebraically closed field. An effective motive of degree is then a direct sum of 
objects 1, and hence is positive. 

Let N be an effective motive of degree 1. Since iV^(— 1) and N are effective of 
degree > 1, there exist connected X and Y in Vs and S-points x : S X and 
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y : S ^ Y such that N"^ (—1) is a direct summand of Kerh{x) and N of Kerh{y). 
Then we have sections u : A^^(— 1) h{X) and v : N ^ h(Y) with ft,(a:;) o u = Q 
and o ti = 0. If X has dimension d and we write 

f ^vo u^{-l) : h{X){d - 1) ^ h{Y), 

it follows that ft.(a;)o/^(— 1) = and h{y)o f = 0. Since 1) is a retraction and 
w is a section, S^N = if and only if 5'"/ = 0. Now / = 7A:,y,d-i,o(a) for some a 



in CH^{X Xs Y)k, and by (I3.4.7P and Proposition 13.4.11 (i) the restrictions of a to 



x X F and X X y are 0. By Proposition EXJp)! (^XB]) and (IXTT)) . 5"/ is if 
and only if 

(5.1.10) 

in CH'^{X'^ Xs Y'^)k is 0, where denotes the puUback of a along the product 
X" X 5 ~* X xg Y oi the ith and jth projection. To prove that N is negative, 
it thus suffices to show that (|5.1.10p is for some n. 

Write A for Alb^(X) and B for Alb^F). We may regard A and B as abelian 
varieties over S with identities the images of x and y under the canonical morphisms 
a : X ^ A and b : Y ^ B. Factoring a x 6 as (A x 6) o (a x F) shows that puUback 
along a X b induces an isomorphism from the subspace of CH^{A Xs B)k trivial on 
OxB and ^ x to the subspace of CH^ [X Xs Y)k trivial on a; x y and Xxy. Thus 
a is the puUback along a x 6 of a tt in CH^{A x g B)k trivial on x B and A x Q. 
The puUback of tt along the product x g B^ ^ A x g B oi the r-fold addition 
of A and s-fold addition of B is X]i<i<r i<j<s "^y ' with 7r.y the puUback of tt along 
the product of the ith and jth projection. This can be seen by induction on r and 
the seesaw principle, by restricting to subschemes oi Xg B'^ with all coordinates 
constant but the first and noting that the restriction tt^ of tt to A x 2; = A is 
translation invariant with tt^ + tt^/ = tt^+z' ■ Now (jS.l.lOp coincides with 

(5.1.11) E 

/,Jc[i,n] iei.jeJ 

Indeed (|5.1.1ip is a sum of terms cai^jj .aijjj. • • • -Ui^j^, where c is (—1)1^1+1-^1 
summed over the / that contain Iq = {zi, Z2, . . . , and the J that contain 
■^0 = {jii*2, • ■ • , jn}, and hence c = 1 when /q = Jo = and c — otherwise. 

Each nth power on the right of (|5.1.1ip is a puUback of tt" in Ci/"(A x g B)^. Thus 
for n greater than the dimension oi A Xg B, (jS.l.lip and hence (|5.1.10p is 0. □ 

Theorem 5.1.5. For i = 0,1, the full subcategory of Aig^k consisting of the effec- 
tive motives of degree i is semisimple abelian. 

Proof. Let M and N be effective motives of degree «, where i is or 1. It is 
enough by Theorem 15 . 1 .41 to show that any morphism M — > A'^ in A4s,fe with image 

in Mg^k is 0. If j : ^ is the embedding of the spectrum of the local 
ring of the generic point of 5, then (|5.1.7p and (|5.1.8p with L the effective motive 
N ® M"^ {—i) of degree > i show that j* induces an isomorphism from M.g^k{M, N) 
to Mg ^{j*M,j*N). Since by Proposition lS.l.ll i* induces a fully faithful functor 

from Aig,k to Aig j,, we may thus after replacing S, M and N by S, j*M and j*N 
suppose that S is the spectrum of a field. Passing to an algebraic closure, we may 
further suppose that S is the spectrum of an algebraically closed field. The case 

1 = is clear because M and N are direct sums of copies of 1. 
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Let Li and L2 be effective motives of degree > 1. We show that any morphism 

(5.1.12) l^Li®L2(l) 

in Ais.k with image in Ms.k is 0. The case j = 1 wiU foUow by taking Li = N and 
L2 — A/^(— 1). We may suppose that Lr — Kerpr for r = 1, 2 with pr : h{Xr) 1 
defined by an S'-point Xr of a connected Xr in Vg. The fc-vector space of morphisms 
(|5.1.12p may be then identified by means of the natural isomorphism 

with the fc-subspace oiCH^{XiXsX2)k consisting of those elements with restriction 
to the subscheme with rth coordinate for r — 1,2. Now for any connected 
Z in Vs the kernel of the projection CH^{Z)k CH^{Z)k is the fc-subspace 
Pic°(Z) (g)z fc of CH^{Z)k = Pic(Z) ®z fc, where Pic" denotes the group of divisor 
classes algebraically equivalent to (see e.g. [6], XIII 4.6). Since Pic"(Xi X2) 
is the product of Pic''(Xi) and Pic°(X2), the required result follows. □ 

A bilinear form (p : M(S)N ~> l(n) in a Tate fc-pretensor category C will be called 
non-degenerate if there is a morphism : l(n) N ® M such that ip{—n) and 
Lp[—n) are the unit and counit of a duality pairing between M and N . Similarly 
ij: will be called non-degenerate when there exists a. Lp. li M has a dual M^, then 
by uniqueness up to unique isomorphism of duals, is non-degenerate if and only 
if the morphism N^—n) —>■ A/^ induced by if is an isomorphism, and similarly for 
ijj. When M = N, the form (p is symmetric if and only if ijj is symmetric. We then 
identify p with the morphism S'^N — > l{n) through which it factors, and similarly 
for tp. 

Suppose that C is a Kimura fc-tensor category and that iV is a negative object 
in C of rank — 2r. Then ip : l(n) S'^N is non-degenerate if and only if 

(5.1.13) V^''' : Hrn) S^'^N, 

defined as the composite of with (S'^N)'^^ S'^^N given by the algebra struc- 
ture of SymiV, is an isomorphism. To see this we may suppose after replacing C 
by Cred that C is split. After modifying the symmetry of C, it is then equivalent 
to show that if C is a positive Kimura category and N is of rank 2r, the form 
ij : l(n) ^ /\ N is non-degenerate if and only if 4'^^^ ■ l(fri) — > /\^^ N defined us- 
ing the algebra structure of /\ TV is an isomorphism. As in l2.51 we may suppose that 
C is a separated Tate fc-tensor category. By Corollarv l4. 1 .31 and Lemma [2.5.31 there 
is thus a faithful conservative Tate fc-tensor functor from C to the category of finitely 
generated projective modules over a commutative fc-algebra R with 1(1) = R. It is 
enough to prove that ip : R ^ /\^ R^"^ is non-degenerate if and only if i/'*-'^-' ■ R ^ R 
is an isomorphism. This is clear because if we identify "ip with a skew-symmetric 
2r X 2r matrix, then ipi'^^^ is 2''r! times the PfafRan of ip, while ip is non-degenerate 
if and only if the determinant of ^, which is the square of the Pfaffian, is invertible. 

By an abelian scheme over S we mean a proper and smooth group scheme A 
over S with geometrically connected fibres. For such an A it can be seen as follows 
that h{A) is a Kimura object in M.s,k- Since puUback along a dominant morphism 
reflects Kimura objects, we may after replacing S by the spectrum of an algebraic 
closure of the local ring of its generic point suppose that S is the spectrum of an 
algebraically closed field. Then there is a surjective morphism X A over S with 
X a product of proper smooth curves Xi over S. Since h{A) h{X) is a section. 



ALGEBRAIC CYCLES ON AN ABELIAN VARIETY 



55 



h{A) is a direct summand of h{X). By (j5.1.6|) and Theorem 15 . 1 .41 each h{Xi) is a 
Kimura object. Thus h{X) and hence h{A) a Kimura object. 

Since the group law on an abehan scheme A over S is commutative, h{A) has 
a structure of commutative and cocommutative Hopf algebra in A4s,k- For n an 
integer, we write the multiplication by n on A as ua- Then h{nA) — 'T^h(yi)- If 
n 7^ 0, then ua '. A A is surjective, so that the endomorphism nh(^A) of h{A) is a 
section, and hence since h{A) is a Kimura object an isomorphism, in A4s,k- 

The following result is essentially equivalent to the one proved by Kiinnemann 
[12] using the Fourier-Mukai transform for abelian schemes. We deduce it here from 
the Hopf theorem for Kimura categories. 

Theorem 5.1.6. Let A be an abelian scheme over S of relative dimension g. Then 
the Hopf algebra h(A) in Ms.k is symmetric. The component h^{A) of h{A) on 
which n}i(^A} o,cts as n for every n is a negative object of rank ~~2g, and there exists 
a non-degenerate symmetric bilinear form S'^h^{A) 1(— 1). 

Proof. Since h(A) is a Kimura object in Ms,k with nfi(^A) isomorphism for n ^ 0, 
it is symmetric Hopf algebra by Theorem 14.3.11 

To prove the final two statements, we may suppose using Proposition 15. 1 .11 that 
S is the spectrum of a field. Write h''{A) for the direct summand of h{A) on which 
h{nA) acts as for each n. Then using the algebra structure of h{A) we may 
identify S'h^{A) with h'{A) for each i. Since (nA)*(l) = n^s in CH°{A)k = k for 



every integer n, and since by Propositionl3.4. T] (i)] and (iv) the transpose i/a of the 



identity of h{A) is 7A.s,g,o(l), it follows from (|3.4.6p the composite of n^A){9) with 
va is n^^i^A- Thus i^a is non-zero on the component h'^s{A){g) of h{A){g) and zero 
on all other components. Since the pairing defined by composing the gth twist of 
multiplication of h(A) with ua is non- degenerate, it follows that S'h^{A) = h'{A) 
is non-zero for i = 2g and zero for i > 2g. Thus h^{A) has rank —2g. 
Let a be the class in CH^{A)k of a symmetric ample divisor, and write 

a = 7S,A,-i.o(a) : ^ h{A) 

and Ui for the component 1(— 1) h^{A) of a. Then we have oq = because 
A^s,fc(l(— 1), 1) = 0, and ai = because {—l)h(A) oa — ahy symmetry of a. Thus 

02^3) : l{-g) ^ S^3h\A) 

as in (|5.1.13p is the only non-zero component of : 1(— .9) h{A). By (|3.4.5p . 

= 7s,yi -3.o(a^) and VA{~g) = 7^,5,0-3(1)- Also in CH'^{A)k has non- 
zero push forward along CH^{A)k CH^{S)k = k, because a is the class of an 



ample divisor. Thus by Proposition 13.4.1) (iii) the endomorphism VA{~g) o of 



1(— £() is non-zero and hence an isomorphism. Since S^^h^{A) is positive of rank 
1, it follows that 02^^-' is an isomorphism. This implies as was seen above that 
02 : 1(— 1) S'^h^{A) is non-degenerate. Thus there exists a non-degenerate 
S^h^A) □ 

For A as in Theorem 15.1.61 we write h^{A) for the direct summand of h{A) on 
which H^ua) acts as for each n. The multiplication of h{A) then defines an 
isomorphism S''h^{A) ^ h'^{A) for each i. Since h^{A) is negative of rank —2g 
and a non-degenerate bilinear form S^h^{A) 1(— 1) exists, h'^s{A) = S^^h^{A) 
is isomorphic to l{—g). The generator va of the 1-dimensional fc-vector space 
■^s,k{h{A){g),l) thus factors through an isomorphism h'^'''{A){g) ^ 1. Further 
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h^{AY {—!) is isomorphic to h^{A). Thus h'^{A) 1 is effective of degree and 
h^{A) is effective of degree 1, so that by Proposition l5.1.3l fe'(v4) is effective of degree 
> 2 when i > 2. 

Suppose that S is the spectrum of a field, and let Z he a principal homogeneous 
space under an abelian variety A over S. Then h(Z) and h{A) are isomorphic as 
objects and even as algebras in Ai s,k- Indeed the class of Z in the Weil-Chatelet 
group of A is annulled by some integer n > 0. The push forward Z' of Z along 
UA : A ~> A is then isomorphic to A, while Z ^ Z' induces an isomorphism 
h{Z') ^ h{Z) because h{Z' Xs S') h{Z Xg S') is an isomorphism for some S' . 

For completeness we prove in Theorem l5 . 1 . 7l below the existence of a right adjoint 
T<i analogous to r<o. This result will not be required for what follows. Similar 
results have been obtained by a different method by Murre [15]. 

Theorem 5.1.7. (i) For i = 0, 1, the embedding into A^g^. of the full sub- 

category of effective motives of degree < i has a right adjoint T<i. 

(ii) For i — 0,1 and every M in Ml?,., the counit T<iM M is a section and 
its cokernel is of degree > i + I. 

(iii) If X is in Vs and X — > Xq —^Sis the Stein factorisation of X ^ S, then 
X — > Xq defines an isomorphism h{Xo) — > T<:oh{X). 

(iv) // S is the spectrum of a field and X in Vs is geometrically connected over 
S, then the canonical morphism X Alb^(X) defines an isomorphism 

T<M^\h\X)) ^ T<^h{X). 



Proof. It has already been seen that (i) and (ii) for i = and (iii) hold. Call a 



morphism u : N ^ M in A^g^j, 1-universal if N is of degree < 1 and m is a section 
with cokernel of degree > 2. Such a u is universal among morphisms N' —> AI to 



M with N' effective of degree < 1. To prove (i) and (ii) for i = 1 and (iv) it will 
thus suffice to show the following. 

(1) If X in Vs has geometrically connected fibres, there is a 1-universal mor- 
phism with target h{X). 



(2) For S and X as in (iv) the composite with h(A\h^{X)) h{X) of a 



1-universal morphism with target /i(Alb^(X)) is 1-universal. 

Indeed since 1-universal morphisms are preserved by finite etale push forward, |(1)| 
will then hold for an arbitrary X in Vs, by the Stein factorisation. 



Suppose first that S is the spectrum of a field, and let X be as in (1) and |(2)[ 
Then Alb^(X) is a principal homogeneous space under an abelian variety A over 
S, and h{A\h^{X)) is isomorphic to h{A). It has been seen that the embedding 

e:l®h\A) = h°{A) © h\A) ^ h{A) 

is 1-universal. Hence the composite of e with an isomorphism h{A) — > h{A\h^{X)) 
is 1-universal. Thus (1) will follow in this case from | (2)] in the stronger form that 
there is a 1-universal morphism 1® N h{X) with N effective of degree > 1 and 
iV^(-l) isomorphic to N. 

To prove |(2)| we may suppose that S is the spectrum of an algebraically closed 
field, because puUback along an algebraic extension of fields preserves and reflects 
1-universal morphisms. Then X has an S'-point x. We may identify Alb^(X) with 
A in such a way that the canonical morphism a : X A sends x to the identity of 
A. It is then to be shown that 

h{a)oe: l®h^{A) h{X) 
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is 1-univcrsal. For some n the composite X" — > A"" — > A defined using the multi- 
phcation of A is surjective. The composite 

(5.1.14) h{A) -> h{Af" -> 

is then a section. Write L for the kernel of the retraction h{X) — > 1 defined by x. 
The unit 1 — > h{X) and L h{X) give a direct sum decomposition h{X) = 1 © L, 
and h{a) sends 1 to 1 and h^{A) to L because h^iA) is contained in the kernel of 
h{A) 1 defined by the identity of A. Thus we have a commutative diagram 

1®L > 1©L®" > (1©L)®" ^(y)®" 



l©/ii(A) > l©/ii(yl)®" > (l©/ii(^))®" * 

where for example L®" consists of the n summands of (1 © L)®" with exactly one 
factor L and L L®" is the diagonal embedding. The left vertical arrow of this 
diagram is h{a) o e, and its bottom right leg is e composed with (15.1. 14p . Since 
both e and (|5.1.14p are sections, it follows that h{a) o e is a section. 

Let V : M' M" be a section in Ms,k with M' and M" effective and M' of 
degree < 1. Then v is 1-universal if and only if the homomorphism 

OvM ■■ Ms,k(^. M' © M(l)) ^ MsA^, M" © M(l)) 
induced by v is an isomorphism for every effective M of degree > 1. Since e is 
1-universal and 9hi^a)oe,M = (^h{a),M ° ^e,M, the morphism h{a) o e will thus be 
1-universal provided that 9h{a),M is an isomorphism for every effective M of degree 
> 1. We may suppose that M = Kerp, where p : h{Y) ^ 1 is defined by an S'-point 
y of a connected y in V5. We have an exact sequence 

^ MsA^, HZ) ® (Kerp)(l)) ^ CH\Z XsY)^^ CH\Z)k, 

natural in Z inVs, with the last arrow defined by y. The universal property of the 
Picard scheme BofY thus gives an isomorphism 

UomsiZ, B)®zk^ A^s.fc(l, h{Z) © (Kerp)(l)) 

which is natural in Z. The universal property of a : X ^ A applied to the connected 
components of Bred then shows that Oh{a).Kcip is an isomorphism. Thus h{a) o e is 



1-universal. This proves (2) 



To prove (1) for arbitrary S, write S for the spectrum of the local ring of the 



generic point of S and j : S" — > 5 for the inclusion. It follows from (2) that 
hg{X Xs S) is the target of a 1-universal morphism u in Mg ^ with source 1 ffi iV, 
with A'" effective of degree > 1 and 7V^(— 1) isomorphic to A^. By Proposition 1 5 . 1 . ll 
there is a section u : 1 © TV — > hs{X) in A4s,k with j*{N) isomorphic to N and 
j*{u) isomorphic as a morphism with target hg{X xg S) in M.^ f, to u. Now for M 
in A4s,k effective and i = 1,2, it has been seen that M is of degree > i when j*{M) 
is of degree > i. The cokernel of u is thus effective of degree > 2, and N is effective 
of degree > 1, so that N is effective of degree < 1 since A^^(— 1) is isomorphic to 



N. Hence u is 1-universal. This proves (1) □ 



It follows from Theorem 15.1. 7f(T)] and (ii) that for z = 0, 1, 2 the embedding into 
■^s*fc of the full subcategory of effective motives of degree > i has a left adjoint 
T>i, and that for i — 0,1 the cokernel of T<_iM M is M r>i+iM. If A/ and 
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M^(— d) are effective, and in particular if M is a direct summand of h{X) with 
dimX < d, then applying t<o and t<i to (r>2M)^(— d) gives a decomposition 

M = Mo ® Ml © M2 © ]Vh{-d + 1) © M4(-d) 

of M, with Mo and M4 effective of degree 0, Mi and M3 effective of degree 1, and 
M2 and M2'^(-d) effective of degree > 2. 

It is clear that r<o and t<i commute with push forward along a finite etale 
morphism S' — > 5, and it has been seen that t<o commutes with arbitrary pull- 
back. Theorem 15 ■ 1 . 71 implies as follows that r<i commutes with arbitrary puUback, 
so that puUback preserves effective motives of degree > 2. It is enough to show 
that for every f : S' ^ S and X the canonical morphism from f*T<^ihs{X) to 



'''<if*hs{X) is an isomorphism. Since this morphism is by Theorem 15.1.71 (ii 



section, it thus suffices to show that ranks and r_ of the positive and negative 
summands of T<ihs{X) and r'j^ and r'_ of the positive and negative summands of 
T<ihs'{X Xg S") coincide. To do this we may suppose that S' is the spectrum of 
a field. Since r<i commutes with finite etale push forward, we may also suppose 
that X has geometrically connected fibres. If Alh^{X x 5 S') is a principal homo- 
geneous space under A' , then T<:ihgr{X Xg S') is isomorphic to 1 © h^{A'). Thus 



by Theorem 15.1.71 (iv) — r'^ = 1, while 

r'_ = -2dimAlbi(X X5S"), 

which is independent of 5" and /. Thus we may suppose finally that / is the 
embedding of the spectrum of the local ring of the generic point of S. In that 
case it suffices to note that by Proposition 15.1.1] the direct summand h^{A') of 
hgi{X Xg S') lifts to a direct summand N of hg{X), with N'^ [—1) isomorphic to 
N because h^{A'Y{-l) is isomorphic to h^{A'). 

Let be a proper tensor ideal of AAg,k, and M' be a pseudo-abelian hull of 
M.s,kl J ■ Then M! is the category of fc-linear motives over S modulo the equiva- 
lence defined by J . We may define in the same way as for M.g,]^^. notion of effective 
motive, and effective motive of degree > i and < i, in M! . For i = 0, 1,2, it can 
be seen inductively that a motive in Al' is effective of degree > i if and only if it 
is a direct summand of the image in J\A' of an effective motive in A4s,fc of degree 

> i. Suppose for example that i is 1 or 2 and that M' in A4' is effective of degree 

> i. Then if P : A^s.fc — > A4' is the projection, there is an effective M in A^s.fe 
such that we have a retraction P{M) M' in AA' . The cokernel Mi of the section 
T<i_iM M is effective of degree > i, and 

P(t<,_iM) ^ P(M) ^ M' 

is in AA' because by induction P(T<i_iM)^(— i -I- 1) is effective of degree > i — 1. 
Thus P(M) M' factors through a retraction P(Mi) M', and M' is indeed 
a direct summand of an object P(Mi) with Mi effective of degree > i. It follows 
from this that Proposition ! 5 . 1 . 3l and Theorems 1 5 . 1 . 41 [5 . 1 . 51 and 15 . 1 . 71 hold with Aig,k 
replaced by M.' , and that P commutes with the T<,j for i = 0, 1. Similarly if k' is 
an extension of fc, then Aig^k ^ ■Ms,k' commutes with the r<i for i = 0, 1. 

5.2. Abelian motives. We denote by M'g'k the strictly full rigid fc-tensor subcat- 
egory of A^s.fe generated by 1(1) and the effective motives of degree either or 1. 
By Theorem 15. 1.4| it is a Kimura fc-tensor category. Equivalently by the decompo- 
sition (|5.1.6p . A^|\ is the strictly full rigid fc-tensor subcategory of A^s.fc generated 



ALGEBRAIC CYCLES ON AN ABELIAN VARIETY 



59 



those motives M for which M and Af^(— 1) are effective. The motives in Ai^g^. wiU 
be called abelian motives. If an abelian scheme of relative dimension > over S 
exists, then A^ig^ is generated by the effective motives of degree 1. Indeed there 
then exists by Theorem 15 . 1 . 61 an effective motive N degree 1 and rank < in Ms,k- 
Then 1(— 1) is a direct summand of A^^(— 1) with iV^(— 1) effective of degree 
1, and any effective motive M of degree is a direct summand of (M (g) N) (g) iV^ 
with M eg) by Proposition 15. 1 .31 effective of degree 1. 

We denote by ASs the full subcategory of the category of commutative group 
schemes over S consisting of the abelian schemes over S. It has a structure of 
cartesian monoidal category, and discarding the group structure defines a faith- 
ful product-preserving functor ASs Vs- By Theorem 15.1.61 the composite of 
(^5s)°P (Vs)°P with h : (Vs)°P ^ Ms,k factors through Mf,,. Thus we obtain 
from {Ms,k, h, u) a Poincare duality theory {M^j^^ h^^ , u^^) with source ASs- Fac- 
toring out the maximal tensor ideal of M's'u then gives a Poincare duality theory 

By an algebra with involution in a fc-pretensor category C we mean an algebra 
i? in C equipped with an automorphism of algebras 6 : R ^ R such that 6^ = Iji. 
Such a may be identified with a Z/2-grading of i? in a pseudo- abelian hull of 
C. A morphism i? — > i?' of algebras with involution is a morphism / : i? — > i?' of 
algebras which commutes with the involutions. To any abelian scheme A over S is 
associated the algebra h{X) with involution Iv^^{{—1)a) = ™ -^s\- 

Theorem 5.2.1. Let J he a proper tensor ideal of M.'^'^, and denote by P the 
projection M.'s'kl ^ ^ ^'s'k- '^'^'^ ^2 be commutative algebras with involu- 

tion in M.'^'j^/ J such that P{Ri) and P{R2) are isomorphic in A^s\ to algebras 
with involution associated to abelian schemes over S. Then above any morphism 
P(i?i) — > P(i?2) of algebras with involution in A4^f. there lies a unique morphism 
Ri i?2 of algebras with involution in J . 

Proof. Write P' : Mf'^. M'^'f./J for the projection. By hypothesis P{Ri) is 
isomorphic to the algebra with involution {PP'){h{Ai)) for some Ai in ABs- For 
i ~ 1,2, write Ni for the effective motive h^{Ai) of degree 1, and and h{Ai)~ 
for the respective direct summands of Ri and h{Ai) on which the involutions act 
as —1. By Theorem I5.1.6[ the embedding Ni — > h{Ai)~ induces an isomorphism 
of commutative algebras SymA^i ^ h(Ai) in A^l^. Choosing an isomorphism of 
algebras with involution {PP'){h{Ai)) ^ P{Ri), we obtain a morphism 

e, : {PP'){N,) ^ P(i?r) 

in A4s\ which induces an isomorphism Sym(PP')(A^,;) — > P{Ri) of commutative 
algebras. Since A^g^ is a Kimura fc-tensor category, P reflects isomorphisms. Thus 
any lifting P'{Ni) — >• Rf of induces an isomorphism of commutative algebras 

SymF'(A^,) ^ R,. 

If SymP'(A^i) is equipped with its canonical involution acting as —1 on P'{Ni), then 
this isomorphism respects the involutions, by the universal property of Sym P'(Ni). 
We may thus suppose that Ri = Sym P'{Ni). 
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Let / : SymP'(A^i) — ^ SymP'(A^2) be a morphism of algebras with involution. 
Since A^i and N2 are effective of degree 1, Proposition 15 . 1 . 3l shows that the restric- 
tion of / to P'{Ni) factors through 1 (B P'{N2), and hence through P'{N2) because 
/ respects the involutions. Thus / = Symj for a unique j : P'{Ni) P'{N2). 
Similarly if / : Syin(PP')(iVi) Sym(PP')(A^2) is a morphism of algebras with 
involution then / = Symj for a unique j : (PP')(A^i) (PP')(^2)- By Theo- 
rem [5TT3] any J lifts uniquely to a j. Thus any / lifts uniquely to an /. □ 

Theorem 5.2.2. Let J and P be as in Theorem \5.2.U and hi and be symmetric 
monoidal functors {ASs)°^ ■^'s',kl ^mc/i that Phi = If'" = P/12. Then there 
is a unique monoidal isomorphism hi — s- /12 lying above the identity of h^^ . 

Proof. By Theorem l5.2.1[ there is for every A in ASs a unique isomorphism of alge- 
bras with involution LpA '■ hi{A) ^ h2{A) with P{(Pa) the identity of h^^{A). The 
ipA are the components of a monoidal isomorphism ip. Indeed by Theorem 15 . 2 . II the 
squares expressing the naturality and compatibility with tensor products commute 
because they lie above commutative squares in with all sides morphisms of 

algebras with involution. Then Pip is the identity of h^^. Suppose that also Pip' 
the identity of h'^^. Then p'a ■ hi{A) h2{A) is an isomorphism of algebras with 
involution with P{pa) the identity of h'^^lA), so that by Theorem 15.2.11 ii?'a — ipA 
for every A. Hence ip' — ip. □ 

Theorem 5.2.3. Let J and P be as in Theorem \5. 2. 11 Then P has a right inverse, 
which is unique up to unique tensor isomorphism lying above the identity. 

Proof. Since M^gj^/J is a Kimura fc-category, the existence and uniqueness up 
tensor isomorphism of a right inverse to P follows from Theorems 14.4.61 and 14.4.71 
It remains to show that if T is a right inverse to P and ip is a tensor automorphism 
of T with Pip the identity, then ip is the identity. Consider the full subcategory 
A^o of J^^sk consisting of those objects M for which pjj = Ijj. By naturality of 
ip, it is a strictly full subcategory of A^i|\ which is pseudo-abelian, and by tensor 
naturality of tp, it is a rigid fc-tensor subcategory of A4|\. It is to be shown that 

Mo = Ms'k- If P' ■ ■^f',k ~^ ^'tk/J^ is projection, it will suffice to show that 
A4o contains {PP'){M) for M either effective of degree or 1 or the object 1(1) in 
■^s'fe' because such objects generate A^g^ as a rigid fc-tensor category and PP' is 
surjective on objects. 

Since P is bijective on objects, T sends {PP'){M) to P'{M). If i = 0, 1, then PP' 
is faithful on the full subcategory of consisting of effective motives of degree 

i, by Theorem 15. 1.51 Thus if i = 0, 1, then P is faithful on the full subcategory of 
Mff,/J consisting of the P'(Af) with M effective of degree i. Hence {PP'){M) 
lies in when M is effective of degree or 1. Similarly {PP'){M) lies in A^o if 
Af = l(l). □ 

5.3. The motivic algebra. We give a brief account here of the motivic algebra of 
A^g'^j., which is an algebra in an ind-completion of A^5\ describing the structure 
of A^|\. Since this will not be required for what follows, some details are omitted. 

Write M for A^^^ and P : Al ^ A1 for the projection. By Theorem 15.2.31 
P has a right inverse. Any such right inverse is bijective on objects, because P is 
bijective on objects. Denote by K, the set of those fc-tensor functors K : M. M 
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for which there exists a tensor isomorphism 6 : Idx ^ K with P6 = kip. Then K, 
forms a group under composition. If T and T' are right inverses to P, then there 
is a unique K € IC such that T' = KT. Indeed by Theorem 15 . 2 . 31 there is a unique 
ip : T —> T' with Pip the identity, and since T is bijective on objects there is a 
unique 9 with 9T = p. 

Since is a Kimura fc-tensor category, A4 is semisimple abehan. Let Ai be 



an ind-completion of M . Then Lemma 12.3.11 (i) with T a right inverse to P shows 



that there exists a pair (i?,/), with R a commutative algebra in A4 and 

a fc-tcnsor isomorphism, such that IFp is right inverse to P. Given also {R',I') 
with /' : Tr' ^ Ai a. fc-tensor isomorphism and I'Fp/ right inverse to P, there 
is a unique pair (j, K) with j : R — s- R' an isomorphism of algebras and K ^ JC 
such that I'Fri — KIFp and I' Tj ~ KI. Indeed the existence and uniqueness of 



a. K € C with I'Ffj/ — KIFr has been seen, and by Lemma 12.3.11 (ii) there is a 
unique j with Tj = I'^^KI. Thus {R,I) is determined uniquely up to a unique 
isomorphism. Wc call {R,I), or simply i?, the motivic algebra of A4. Since / is a 
fc-tensor isomorphism, the motivic algebra R describes the structure of M using 
objects defined in (the ind-completion A4 of) Ai. 

Composing the inverse of (j2.3.8p with Ifii(m),i gives an isomorphism 

(5.3.1) M{M, R) ^ M{{IFr){M), 1) 



which is natural in the object M of A4. Taking M = 1 in l5.3.1l shows that 

M{1,R) = k. 

The algebra R has a unique augmentation p : R ^ 1, and with the identification 
J^i = we have J-p = PI. More generally we obtain a bijection between ideals 
of R and tensor ideals of J-r, and hence of A^, by assigning to J the kernel of 
!Fr J'R/j. If is a tensor ideal of A^, and a motivic algebra ior Ai/ J is defined 
in the same way as for Ai^ then it is given by {R/J,I'), with J the ideal of R 
corresponding to J and /' : ^r/j — > A4/i7 given by factoring the composite of 
/ with A4 — > Aij J . Similarly the motivic algebra of M. for arbitrary fc can be 
obtained from that for fc = Q. 

There is a unique Z-grading on Ai such that for z = 0, 1 the image in Ai of an 
effective motive of degree i \x\ Ai lies in A^;, and such that 1(1) lies in Ai-2- It 
extends uniquely to a Z-grading on A^, and M.i is an ind-completion of Aii. It 
follows from (|5.3.ip that for given i, the fc- vector subspace CHl{A)k of CH^{A)k 
on which the ua act as n^''"' is for every A and r if and only if the component Ri 
of R in Aii is 0. (The analogue for arbitrary S of) Beauville's conjecture in [S] that 
CHl{A)k = for I < is thus equivalent to the statement that i?i = for ? < 0. 
Similarly the injectivity of CHQ{A)k — > CH^{A)k is equivalent to the statement 
that i?o = 1- 

Suppose that S is the spectrum of a finite field Fg. If Fix denotes the Frobenius 
endomorphism of X in V5, then by p.4.6p and (|3.4.7p there is a tensor auto- 
morphism of the identity functor of A4s,k with component at h(X)(i) given by 
q~''h{FTx)(i). By restriction we obtain a tensor automorphism Fr of the identity of 
Ai. It lies above a tensor automorphism Fr of the identity of Ai, and Fr extends 
uniquely to a tensor automorphism Fr of the identity of Ai. We then have full 



62 



PETER O'SULLIVAN 



/c-tensor subcategories A^oo C A4o and A^oo C M.q of A4, consisting of the objects 
on which Fr and Fr respectively act as the identity, and A^oo is an ind-complction 
of Aioo. It can be seen as follows that 

R e A?oo- 

Let M be an irreducible object of M with Ftm ^ Im- Then N = {IFn){M) in M 
lies above M, so that Fr^r — Iat is an isomorphism, because its image in M is. Thus 
there are no non-zero morphisms — > 1, because by naturality of Fr the composite 
of Fijsi — In with any iV ^ 1 is 0. It then follows from (|5.3.ip and the naturality 
of Fr that Fr^ = 1r. 

Let X in Vs be such that h{X) lies in Mf,^ = M. Then we have a canonical 
commutative algebra structure on h{X) in A^. U h is h composed with the pro- 
jection Ais^k — * -Ms.k, then P{fJ,) is the canonical commutative algebra structure 
Jl on h{X) in A4. We thus have a commutative algebra structure on 

FniHX)) = I-\hiX)) 

in J-'n such that J-p{I^^{ii)) — /I, where p : i? ^ 1 is the augmentation. Now Tr 
was defined by factoring the fc-tensor functor R® — from M. to free i?-modules on 
objects of A4 as a strict fc-tensor functor which is bijective on objects followed by 
a fc-tensor equivalence. Thus gives an element [/^^(/i)] of the pointed set 

'D{h{X), R) of deformations of the commutative algebra h{X) parametrised by R. 
Explicitly, 'D{h{X), R) is the set of commutative i?-algebras with free underlying 
i?-module and fibre h(X) along i? ^ 1, up to an isomorphism with fibre the identity 
along R ^ 1. If {R',I') is another choice of motivic algebra for M, and if {j,K) 
is the unique isomorphism as above from {R,I) to {R',I'), then it is easily seen 
that the bijection from V(h{X),R) to V(h{X),R') defined by j sends [/"^(m)] to 
[/'^^(/i)]. The element [/^^(/i)] coincides with the base point of T>{h{X), R) if and 
only if for some, or equivalently for every, right inverse T of P, the algebra h{X) is 
isomorphic to T{h{X)). 

Let Q be a quotient algebra of R such that Q ~ 1 (B Qi with Qi in Aii. Then 
Qi is an ideal of square in Q, so that V{h{X), Q) may be identified with 

(5.3.2) Al(l,i/2^„(7^(X),7^(X))®gi), 

where H^^^^. denotes the second Harrison cohomology object, defined in a simi- 
lar way as for ordinary commutative algebras over fc. The image of in 
'D{h{X),Q) is thus a canonical element (3x of (|5.3.2p . Suppose for example that 
fc = Q and S = Spec(C). Then Abel-Jacobi equivalence of cycles modulo torsion 
defines a tensor ideal in A4, and hence an ideal of R. The quotient of R by this 
ideal is a Q as above. Now there exist connected curves X in Vs of genus 3 with 
the following property (Ceresa [7]): if e : X ^ A is an embedding of X into its 
Jacobian A, then e*(l) — ((— l)A)*e*(l) in CH^{A) has image of infinite order in 
the quotient of the intermediate Jacobian J^(A) by its maximal abelian subvariety. 
If X is such a curve, then the canonical element /?jc in (|5.3.2p is non-zero. 

According to a conjecture of Kimura, Ms,k is a Kimura fc-tensor category. As- 
suming this conjecture, we may define in the same way as above a motivic algebra 
describing the structure of Ais,k- For an account of this, and its relation to other 
conjectures see [1], 12.2 and [2], 4.5. If M' is a full fc-tensor subcategory of Ms,k, 
it is sometimes possible to show that the quotient of A^' by some tensor ideal J 



ALGEBRAIC CYCLES ON AN ABELIAN VARIETY 



63 



is a Kimura fc-tensor category. A motivic algebra can then be defined for M! j J ^ 
but without assuming unproved conjectures its uniqueness can in general be shown 
only up to possibly non-unique isomorphism. 

6. Symmetrically distinguished cycles 

In this section k is a field of characteristic 0, and S is a non-empty, connected, 
separated, regular excellent noetherian scheme of finite Krull dimension. 

6.1. The splitting theorem. Recall that ASs denotes the cartesian monoidal 
category of abelian schemes (equipped with an identity) over S. It has a dimension 
function given by relative dimension over S. The forgetful functor ASs — > Vs pre- 
serves products and dimensions. By pulling back along it, we may regard CH{—)k 
as a Chow theory on ASs- We then have a canonical isomorphism 7'*'' from CH{—)k 
on ASs to the Chow theory associated to (A4^\, h^^, i^^^). Let C be a quotient of 
CH{—)k on ASs by a proper ideal J, and {M, h, u) be the Poincare duality theory 
associated to C. As was seen at the end of 13.41 there is a proper tensor ideal J of 
■^s\ such that J corresponds under 7'*'' to J . Then 7^*^ induces an isomorphism 
from C to the Chow theory associated to the push forward of (A^^\, h^"" , v'^^) along 
the projection onto J . The fc-tensor functor 

(6.1.1) M ^ MtJj 

that gives the morphism from {M. , h, v) to this push forward defined by the universal 
property [M , h, v) is then fully faithful. 

Theorem 6.1.1. Let C he a quotient of the Chow theory CH{—)k on ASs by a 
proper ideal. Then the projection from C to C has a unique right inverse. 

Proof. Denote by {M., h, v) the Poincare duality theory associated to C. Then the 
Poincare duality theory associated to C is the push forward {M, h,V) of [M, h, v) 
along the projection P : M. ^ Ai. From (|6.1.ip it follows that the pseudo-abelian 
hull of is a Kimura fc-tensor category. By Theorem 15.2.21 it also follows that if 
hi and h2 are symmetric monoidal functors from (.4iSs)°P to M with 

Phi = h = Ph2, 

then there is a unique monoidal isomorphism 

(6.1.2) hi^h2 

lying above the identity of h. 

Since P is the morphism {M.,h,v) {M,h,V) associated to the projection 
C — > C, it will suffice by Theorem 13.4.31 to show that P has a unique right inverse 
in the category of Poincare duality theories with source ASs- Such a right inverse 
is a fc-tensor functor T : — > such that 

(1) PT = id:^ 

(2) Th = h 

(3) T is a Tate /c-tensor functor. 

Indeed if |(1)[ |(2)| and [(3)| hold then also TV ~ u, because for any A in ASs the 
functor P sends the generator va of the 1-dimensional fc-vector space of morphisms 
h{A){dm\ A) ^ 1 to the generator Va of the 1-dimensional fc-vector space of mor- 
phisms h{A)(d\m. A) — » 1. It is thus to be shown that there is a unique fc-tensor 
functor T -.M^ M such that [(T)j [(2)] and [(3)] hold. 
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To prove the existence of such a T, note first that there exists by Theorem 14. 4. 61 



a fc-tensor functor T such that (1) holds. Then Ph = h = PTh, so that by (|6.f .2p 



witli hi = h and /12 = Th there is a monoidal isomorphism ^ : h — > Th such that 
(6.1.3) PC = irfTT- 

Since h is injective on objects, we may define for every object M of A4 an isomor- 
phism Cm in A4 with target T{M), by taking 

(6-1-4) C7r(A)-^A 

and Cm = iT(Af) for not in the image of h. Then there is a tensor functor 
T : Ai such that the Cm are the components of a tensor isomorphism 

C : f ^ T. 

By (|6.1.4p . we have C^ = f , so that Tft, = h. Similarly PC is the identity of Id;^, so 



that PT = Id^. Replacing T by T, we thus obtain a T such that|(l)|and|(2)|hold. 

Since P is bijective on objects and sends 1(1) to 1(1), we have r(l(l)) ~ 1(1) by 
1(1)1 The hypotheses of Lemma 12.5.31 are then satisfied if we take B — ^A, C ^ A4 
and t = li(i), and as Bq the set of those objects of which lie in the image of 
h. Thus we obtain a pair (T', (p), with T' : ^ Ai a. Tate fc-tensor functor and 
ip : T' — > T a tensor isomorphism, such that <i5^(^) = ^h(A) and ¥'1(1) — li(i)- Then 
(/j/i = id/i, so that T'/i = h. If we replace C by and T by Id;^ in Lemma r2.5.3l the 
uniqueness shows that {PT', Pip) coincides with (I d-^, id), whence that PT' — ^d-j^. 
Replacing T by T', we thus obtain a T such that [(2)] and p)] hold. 

Suppose [(itl [(2]] and [(3)] hold also with T replaced by Ti. Then by \^ and 
Theorem 14.4.71 there is a tensor isomorphism p : T — > Ti with Pp the identity 
of Id^. By |(2)[ ph is a monoidal automorphism of h lying above the identity of 
Ph = h. Since by (j6.1.2p with hi = h2 ~ h such an automorphism of h is unique, 
ph is the identity of h. Thus p^(^j^'^ is the identity for every A. By |(3)| we have 

T(l(z)) = l(z)=Ti(l(z)) 

for every i. Thus is the identity, because P induces an isomorphism between 
the 1-dimensional fc- vector spaces of endomorphisms of l(i) in J\A and M.. By |(3)| 
the structural isomorphism 

T{h{A))®T{l{^)^T{h{Am 

of T is the identity for every A and i, and similarly for Ti. Since every object M 
of can be written in the form h{A){i), it thus follows from the tensor naturality 
of p that pM is the identity for every M . Hence T = Ti. □ 

6.2. The unique lifting theorem. According to Theorem l6.1.11 there is associ- 
ated to every A and a in C{A) a well-defined a in C{A), namely the image of a 
under the unique right inverse C — > C to C ^ C. In Theorem 16.2.51 below, a will 
be characterised as the unique symmetrically distinguished element of C{A) lying 
above a, in the sense of the following definition. 

Definition 6.2.1. Let C be a quotient of the Chow theory CH{—)k on ASs by a 
proper ideal, A be an abelian scheme over S, and a be a homogeneous element of 
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C{A). For each integer m > 0, denote by Kn(a) the fc- vector subspace of C{A"^) 
generated by elements of the form 

(6.2.1) p,(a''i »■•■«)«'■"), 

where n < m, the rj are integers > 0, and p : A^ —>■ A™' is a closed immersion 
with each component A" —>■ A either a projection or the composite of a projection 
with {—1)a : a ^ a. Then a will be called symmetrically distinguished if for every 
m the restriction of the projection C{A™) C{A"^) to Vm{a) is injective. An 
arbitrary element of C{A) will be called symmetrically distinguished if each of its 
homogeneous components is symmetrically distinguished. 

For any a the /c- vector space Vm{a) of Definition IG . 2 H is clearly finite-dimensional. 
Taking the rj zero in (|6.2.ip shows that each Vm (a) contains the fc- vector subspace 
VmiO) of C(A™) generated by the p^{l). 

Any symmetrically distinguished element of C{A) is symmetric, in the sense that 
it is unchanged by puUback or push forward along (—1)^, because every element 
of C{A) is symmetric. Suppose that a in C{A) is homogeneous and symmetrically 
distinguished. Then = when the degree of is greater than dim A, by the 
injectivity of Vi{a) C{A). Thus for any r the push forward along A ^ S oi 
lies in C°{S) = fc. 

Symmetrically distinguished elements are stable under change of base scheme, in 
the following sense. Let S" be a non-empty, connected, separated, regular excellent 
noetherian scheme of finite KruU dimension, and S" — > 5* be a morphism of schemes. 
Let C be the quotient of CH{—)i. on ASs by a proper ideal J, and C" be the quotient 
of CiJ(— )fe on ASs' by a proper ideal J', such that for any A in ASs puUback along 
Ay.s S' ^ S sends J {A) into J'{Axs S'). Then the puUback of any symmetrically 
distinguished element of C{A) is symmetrically distinguished in C{AxsS'). Indeed 
any element of C{A"^) with image in C'{A^ xg 5") numerically equivalent to is 
itself numerically equivalent to 0. It is clear also that symmetrically distinguished 
elements are stable under extension of the field fc, and by projection onto a quotient 
of C. 

Theorem l6 . 1.11 implies the existence of a symmetrically distinguished element a of 
C{A) lying above a given element a of C{A), namely the image of a under the right 
inverse to C — > C. The uniqueness of such an a will be proved Theorem l6.2.5l below. 
This uniqueness, combined with Theorem I6.1.1i will then imply the stability of 
symmetrically distinguished elements under the algebraic operations and puUback 
and push forward. To prove Theorem l6.2.5|, we first reformulate in Lemma l6.2.4l the 
condition for an element a of C {A) to be symmetrically distinguished as a condition 
on a certain Chow theory Ca defined by a. Theorem 16.2.51 will then deduced from 
Theorems 14X71 and [5XT1 

Given an abelian scheme A over S, denote by £a the (non-full) subcategory 
of ASs that consists of the objects A"^ for m = 0,1,2,... and those morphisms 
A" A'" for which each component A" ^ ^ is either a projection or the composite 
of a projection with {—1)a- Then £a has a structure of cartesian monoidal category, 
where the final object is A^ and the product of A™ and is ^™+" with projections 
the projections in ASs onto the first m and the last n factors. Any map from 
{1,2,..., to} to {1,2,..., n} induces a morphism from A" to A"^ in £a, and any 
A" — > A"^ in £a can be written as the composite of such a morphism with a product 
of morphisms (±1)^. A morphism in £a is an isomorphism in £a if and only if it is 
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an isomorphism in ASs, and a section in £a if and only if it is a closed immersion. 
Any morphism A" A™ in £a factors as a projection A" A^ followed by a 
closed immersion A^ — > A'" in £a- 

The embedding £a ~> ASs is a product-preserving functor, so that we obtain 
by restriction from ASs a dimension function on £a- Given a Chow theory C with 
source ASs, we denote by Ca the Chow theory with source £a obtained from C 
by restriction. Given an element a of C{A) = Ca{A), we denote by Cq the Chow 
subtheory of Ca generated by a, i.e. the smallest Chow subtheory C" of Ca such 
that C'{A) contains a. 

Let A be an abelian scheme over S of relative dimension d and with identity 
t : S ^ A. Then : ^ 1 is the projection onto h'^{A) = 1. Since 

i^A ■■ h{A){d) -> 1 factors through h^'^{A){d), it thus follows from (|2.3.1|) that 
h{L)'^ : 1 factors through h^''iA){d). Hence if d > we have 

(6.2.2) t%,(l)=0 



in CH'^{S)k, because by Proposition 13.4.11 (i) and (iv) and p.4.7p the image of 



under js.S,o.d is /i(i)(c?) o Write (5 : A'^ ^ A for the difference mor- 

phism, which sends the point (a, o') of to a — a' . Then factoring S as the 
involution {pii,S) of A^ followed by the projection prj shows that S*l^,{1) is the 
class (A^)*(l) of the diagonal in CH'^{A^)k- Thus for any integers r and s 

(6.2.3) (ta, s^)*(Aa)*(1) = ((^ - s)a)*^*(1) = - s)2'^i*(l) 



in CH'^{A)k, by Proposition [3XT] (i) and (iv) and (|3X7|) 



Lemma 6.2.2. Let C, A and a be as in Definition 16.2.11 and denote by l : S ^ A 
the identity of A. Suppose that a is symmetric, and that i,*{a) and the push forward 
along A S of any power of a lie in k C C{S). Then Cq.(A™) is the k-vector 
subspace of Ca{A'^) — C{A"^) generated by the elements of the form 

(6.2.4) p*(/3i®/32 «)■•■«) /3n), 

where n < m, each Pi is either t*(l) or a power of a, and p : A" —> A"^ is a closed 
immersion in £a- 

Proof. We may suppose that dim A > 0. Write Um for the fc- vector subspace of 
C(A™) generated by the elements /3i (g) /?2 ^ • • ■ /3m with each (Ji either t*(l) or a 
power of a. Since t*(l).t*(l) = i*t*t*(l) = by (|6.2.2p . and since i*(l).a = L^L*{a) 
is a scalar multiple of i*(l) by the condition on L*{a), it is clear that Um is a graded 
subalgebra of C{A"^). PuUback along v : A'' ^ A"^ for any v in £a thus sends 
Um into [//, because the algebra Um is generated by puUbacks along projections 
A™ — > A of elements of Ui, and every element of Ui is symmetric. 

The fc- vector subspace Wm of C{A'^) generated by the (|6.2.4[) is the sum of the 
p*{Un) for n < m and p : A^ ^ A™ a closed immersion in £a- It is a graded 
subspace of C{A"^) because a is homogeneous. The element i*(l) of C{A) hes in 
Ca{A) by (PX^ with r = 1 and s = -1. Thus C/„ C Ca(yl") for every n, and 
hence Wm C Cq,(A™) for every m. We show that sends Wi into Wm and v* 
sends Wm into W; for every v : A'- ^ A'" in £a- Since the tensor product of two 
elements of Wm clearly lies in W2m, pulling back along the diagonal A™ A^"^ 
will then show that Wm is graded fc-subalgebra of C(A™). The Wm will thus define 
a Chow subtheory of Ca, so that Wm = Ca{A™) for every m, as required. 
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Since push forward along A ^ S sends to 1 and a'" into k C C{S), push 

forward along any projection A" sends Uj into [/„. Factoring u' as a projec- 

tion followed by a closed immersion in £a thus shows Wm is the sum of the u'^(U„i) 
for n' > and u' : A" ^ A™ in £a- It follows that i;, sends Wi into for every 
v:A^-^ A™ in 

It remains to show that v* sends Wm into Wi for every v : A'- ^ A™ in £a- 
This is clear when v is an isomorphism, because then v* — (u^^)*. If w is the 
projection A-'^^ A^ onto the first j factors, then w* = — ^ 1 sends Wj into 
Wj+i. Any projection in £a is a composite of such w and isomorphisms in £a, so 
that if ?; : A' ^ is a projection then v* sends Wm into H/;. Since an arbitrary 
w : A' ^ A™ in £a factors as a projection followed by a closed immersion in £a, 
and any closed immersion in £a is a composite of isomorphisms and products of 
the diagonal A^ — > with some A-^ , we reduce to showing that puUback along 

e = Aa X : -> A" 

sends into Wm^i for every to > 2. Now Wm is the subspace of C(A™) generated 
by the p,(l).6' = p*p*{0) with f? e Um and p : A" A™ a closed immersion in £a, 
because such p are sections in £a, so that the p* induce surjective maps Um — * C/„. It 
is thus enough to show that e*u»(l) lies in Wm-i for every m > 2 and u : A" A™ 
in fyi. Write e : A™' A™^^ for the projection onto the last m — 1 factors. Then 
e o e is the identity of A™^^, so that 

e*u*(l) = e*e,e*w,(l) = e,(w,(l).e,(l)) = e,u»u*e,(l) = (e o ■u),M*e,(l). 

Since e,(l) is the puUback of (A^)*(l) along the projection A™ — > onto the 
first two factors, we reduce finally to showing that mo*(A^),(1) lies in Wn for every 
Mo : A" — > in £a- Factoring uq as a projection followed by a section, we may 
suppose that it is either A^ or (1^, (—1)^). It then suffices to apply ()6.2.3p . □ 

The following Lemma, which will be needed for the proof of Lemma f6.2.41 is based 
on the fact that for V a vector space over k of dimension d we have a canonical 
non-degenerate pairing V ®k A''^^ V ^ /\'^V. 

Lemma 6.2.3. Let f : N' ® L ^ N ® L be a morphism in a k-tensor category, 
with L positive of integer rank d. Denote by fo : N' ^ N the contraction of f with 
respect to L and by a : L^"^ L^"^ the antisymmetrising idempotent. Then 

/o ® a d(iV a) o o (/ L'^i'i-i)-^ ^ ^ a) : N' (g) L®'^ ^ N L®'^, 

where denotes the associativity M (g) L®''- ^ {M ® L) ® 

Proof. Denote hy rj : 1 ^ ® L and e : L ® L"^ ^ 1 the unit and counit of a 
duality pairing for i, and by 77 : 1 ^ L and e : ® L ^ 1 the composites 

of 7] and e with the symmetries interchanging L and . Write 

V; = (e (g) L®^d-i)^ ^ ^ t^a):L^® L®"^ L®(d-i) _ 

Then with Q : L gi {V^ ® L®'^) ^ {L ® L^) ® L®'^ the associativity we have 
(6.2.5) {e®a)oC^=dao{L®^). 

Indeed by Theorem I4.1.2[ it is enough to verify (|6.2.5p when L is the standard 
representation of GLd on k'^ in Repj,(G'Lrf). We may then take for the contra- 
gredient action of GLd on fc'', and if ei, 62, . . . , is the standard basis of fc** we 
may take for e the fc-homomorphism k'^ 0^ fc'^ fc that sends Ci (g ej to 1 when 
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i — j and otherwise. The equahty ()6.2.5p now foUows from the fact that if a is 
an element of S^, then for example a(ei 60-2 • • • ead) is unless i — al, when 
it coincides up to the sign of a with a(ei (g) 62 ® • ■ • e^)- 

To prove the required result we may suppose that the tensor product is strict, 
so that ( and the are identities. Then (L ^ e) o (?j (g) L) = 1l by the triangular 
identity. Thus by bifunctoriality of the tensor product we have 

(6.2.6) {L (g) ij) o {?j (g) L^'^) = a. 

Now by definition fo ^ {N <g e) o {f (g L"^) o {N' <g rj), so that 

fo (g) a ^ {N (g, e (g) a) o {f g, L"" (g) L®"^) o{N'g)Jjg> L®"^). 

The fact that [N g) L g) ^) o {f g) g) L®'^) = [f g) L^^d-i)-^ o (iV' ® L ® V) by 
bifunctoriality of the tensor product, together with (|6.2.5p tensored on the left with 
N and (|6.2.6p tensored on the left with N' , thus gives the required result. □ 

Lemma 6.2.4. Let C , A and a he as in Definition 16.2.11 Then a is symmetrically 
distinguished if and only if for every m the restriction to Cq.(A™) C C(A"') of the 
projection C{A™') — + C(A™) is injective. 

Proof Each element of C(yl™) of the form (pXTjl lies in Ca{A"'). Thus a is 
symmetrically distinguished if for every m the map Ca{A"^) C'{A"^) is injective. 

Conversely suppose that a is symmetrically distinguished. To prove that for 
every m the map Ca{A"^) — + C(A™) is injective we may suppose that dim A > 0. 
Write d = 22d™ lu : S ^ A is the identity of A, we show using Lemma 16X31 
that 

(1) there exists a ( e V2dia) such that ~ <g ( : C{A^) C{A^+^'^) is injective 
for every j and such that g) ( hes in V2d+i(a) 

(2) t*(a) lies in ^(5). 



The injectivity of Cq,(j4™) C(yl™) will then be deduced from (1) and (2) using 
Lemma 16.2.21 

Denote by h, v) the Poincare duality theory associated to C, and by 7 the 
universal morphism. Let M' be a pseudo-abelian hull of the Tate fc-tensor category 
M. By (|6.1.ip and Theorem l5.1.6[ the Hopf algebra h{A) in M.' is symmetric on a 
negative object h^{A) of rank — 2dimyl. Thus h{A) in M' has a canonical grading 
with component W [A] of degree j the symmetric power S^h}{A). Then 1)^) 
acts as (—1)-' on W{A), so that 

e-(l + M(-lU))/2 

is idempotent with image the sum h'^{A) of the h^^{A). Thus e = v o u, with 
V : h~^{A) — » h{A) and u : h{A) h'^{A) such that u o v — lh+(A)- The object 
h'^ (A) is positive of rank d. 

The antisymmetriser of h{A)^'^ commutes with e®'', and their composite is an 
idempotent endomorphism z of h{A)'^'^ with image A of rank 1. Thus z 

has trace 1, so that — g) z is injective on any hom-space of A4', with a left inverse 
given by contracting with respect to h{A)'^'^. We have 

for a unique C in C(A^'^). Then by Proposition 13 .4. 1 j (ii) [ the homomorphism — (g) C 



from C{A^) to CiA^+^'^) is injective for every j. Also 2: is a fc- linear combination 
of automorphisms h{w) of h{A)'^'^ with w an automorphism of A''' in Ea- Thus by 
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Proposition l3.4.1|(iv) ( lies in V2d{a). To prove (1) it remains to show that t*(l)(8)C 
lies in V2d+i{a). 

Let I : ^ be a morphism in M' , and denote by 

lo : ^ the contraction of 

1+ = ® u) o Z o ® w) : ® h+{A) h{Af" ® 

with respect to h+{A). Since the identity of h+ (A)®^'^-^'' is u'>^('^~^) o 
applying Lemma 123] with N = TV' = h{A)^"'{i), L = h+{A), and 

/ = Z+, and then composing with «) u*"* on the right and h{A)'»" ® u®'' 

on the left and using the compatibility of u^'^ and d®'' with the antisymmetrisers 
of h{AY and shows that 

(6.2.7) lo(E)z = d(/i(A)®" ® z) o ^' o (Z ® /i(A)«5(''-i)) o ^(i) o {hiA)^"'{i) (g) z), 

where ^ and ^' are the images under h of the appropriate associativities in ,455. 
We have 

for a unique A in C(A"'+"+^), and 

^0 = 7A'",yi",i,o(Ao) 
for a unique Aq in C(A™+"). Suppose that 

(6.2.8) A e K„+„+2(a). 

Then by Proposition [3XI][(ii)] and \(iv)\ I h{A)'^^'^-^'> is the image of an element 
of Vrn+n+2dict) Under 7^m+<i^^n+d_j g. Since h{A)'^™ ® z for example is a /c-linear 
combination of automorphisms h{w) with w an automorphism of A"^'^'^ in £^1, it 
follows from (|3.4.6p and (|3.4.7p that the right hand side of (|6.2.7p is also the image 
of an element of Vm+n+2d{ct) under jA'"+''.A^+'^,i,o- Thus we have 

(6.2.9) Xo<S)C &V„,+n+2d{a), 



by ([QJ]) and Proposition [3XT] fii) 



Take m — 1, n = 0, i = 0, and for I the multiplication h{A) ® h{A) h{A). 
Then since /i(i) is the projection h{A) 1 onto the summand 1 — h'^{A) of h{A), 
the diagonal entry h{A) (g) h^^ {A) h'^i{A) of the matrix of is ft.(t) ® h'^^{A). 
Thus Iq = dh{L), so that Aq — Also I = ft,(A^), so that A is the is the push 

forward of 1 in C{A) along the diagonal embedding A ^ A^, and hence (|6.2.8p 



holds. Thus (I6.2.9P holds, and i*(l) (g) C lies in V2<j+i(a). This proves (1) 



Now take m = n ~ d, for —i the degree of a, and for I the tensor product 
z (g ls,A.i,o{oi) ® h{L). Since h{i) factors through h'^{A), the contraction Iq of 
with respect to h'^{A) coincides with the contraction 

z (g) (/i(i) o 7s,A,vo(a)) = 7yi'i,A'',o,o(C) ® 7s,S,^o('-*(a)) 

of Z with respect to h{A). Thus Aq is given, up to a symmetry of A^"*, by L*{a) (. 
Also A is given, up to a symmetry of ^2(i+2^ g) C "Xi a. Hence (|6.2.8p holds. 

Thus holds, and t*(a) (g) lies in Vid{a). If -i ^ 0, then the image of 

i*(a) in (7(5) and hence of t*(a) (g C®^ in C{A'^''-) is 0. Since by hypothesis a is 
symmetrically distinguished, it follows that L*{a) g) and hence t*(a) is 0. This 
proves 



(2) 



Since a is symmetrically distinguished, a is symmetric and the push forward 
along A ^ S of any power of a lies in C^{A). By |(2)[ the hypotheses of Lemma l6.2.2l 
are thus satisfied. Hence Cq(A™) is generated as a /c-vector subspace of C{A™') 
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by the elements (|6.2.4p . For n < m, the tensor product of a /3i /?2 (S" • • • ® 



as in (lOa with C®" lies in K+2rfm(a), by (1) Thus the map - ® C®" from 



C(^") to C(A(2rf+i)"), which by[(T)]is injective, sends Ca(A'") into V(2d+i)m(a) 



The required injectivity of Ca{A"^) — > C(A™) now follows from the injectivity of 

V(2<i+l)™(a)^C(A(2''+l)"). □ 

Theorem 6.2.5. Let C and A be as in Definition 16.2.11 Then above any element 
ofC'{A) there lies a unique symmetrically distinguished element ofC'{A). 



Proof. Let S be a homogeneous element of C{A). By Theorem 16 .1.11 the projection 
C C has a right inverse r. Then r sends a to a symmetrically distinguished 
element of C{A) lying above a. It remains to show that if a' and a" in C{A) 
are homogeneous and symmetrically distinguished and lie above a, then a' — a" . 
By Lemma |6. 2 .41 the projection tt : Ca — > Ca defines by restriction isomorphisms 
from Ca' and Ca" to Ca- The composites k' and k" of their inverses with the 
embeddings of Ca' and Ca" into are then morphisms Ca ^ for which 



with K : Ca C{A) the embedding. Since k' and k" send S in Ca{A) — C{A) to 
a' and a" in Cy!i(y4) = C{A), it will suffice to show that k' = k" . 

Denote by (Aio, ho, i/q) and (A^i, /ii, i^i) the Poincare duality theories with source 
£a associated respectively to Ca and Ca- The push forward of (A^i, /ii, J^i) along 
the projection P : Ali A^i is then the Poincare duality theory associated to Ca, 
and P is the morphism of Poincare duality theories associated to tt. If K' and K" 
are the morphisms {A4o,ho,UQ) — > {A4i,hi,vi) associated to k' and k" and -ftT is 
the morphism associated to k, then 

PK' = K = PK" 

with X : Ml faithful, and 

K'ho = hi = K"ho- 

We show that K' = K" - By Theorem l3.4.31 this will imply that k' = k" as required. 

If {M,h,v) is the Poincare duality theory associated to C, then the universal 
property of {M.i,hi,vi) defines a morphism Mi — > M from {Mi,hi,vi) to the 
restriction of {M, h, v) to £a- It is fully faithful. Hence its composite 

E:Mi^ Mfk/J- 

with ()6.1.1|) is fully faithful. Also Ehi is the restriction to £a of the composite h 
of h^^ with the projection onto Mf'f./J- Thus E sends the algebra hi{A") with 
involution /ii((—l)An) to the algebra /i( A") with involution /i((—l)An) = {—^)^A'^y 
Let A^o and A^i be pseudo-abelian hulls of Mq and Mi- Since £^ is fully faithful, 
Ml is a Kimura category. By Theorem 15. 1.61 (— l)^^^^-) splits h{A") as the direct 
sum of a positive object on which it acts as 1 and a negative object on which it acts 
as —1. Since the composite of either K' or K" with E is faithful and sends ho{A'^) 
to h{A^) and /io((— to {—^)^A"y it follows that /io((— 1)a") similarly splits 
/io(A") in Mo- Thus ho{A") is a Kimura object in Mq for every n. Hence TWo is 
a Kimura category, because the objects oi Mo are the /io(^")(«)- 
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By Theorem 14.4.71 with T) = A4q and C ~ A4i, there is a tensor isomorphism 

^■.K'^ K" 

with Pip the identity. Then Lph^ is a monoidal automorphism of hi. The auto- 
morphism (^/n,(^ri) of respects the algebra structure of hi{A^) by monoidal 
naturality of ^ph^, and the involution of hi{A^) by naturality of (/j/iq- 
Applying E and using Theorem 15.2.11 thus shows that (^^^(^n) is the identity for 
every n. Also <y9i(i) is the identity for every i, because P induces an isomorphism 
from End>i^(l(«)) = A: to End;^^(l(«)) = k. Since every object of Mo is of the 
form /io(A")(i) and K' and X" are Tate fc-tensor functors, the tensor naturality of 
If thus shows that ip is the identity. Thus K' — K" as required. □ 

Corollary 6.2.6. Let C be as in Definition 16.2.11 Then the assignment to each A 
in ASs of the set of symmetrically distinguished elements of C {A) defines a Chow 
subtheory Csd of C , and the projection C ^ C induces an isomorphism Csd —>- C. 

Proof. By Theorem l6.1.1[ the projection tt : C — > C has a right inverse t : C ^ C. 
If a is an element of C{A), then T^(a) is a symmetrically distinguished element 
of C{A) lying above a, and by Theorem 16.2.51 it is the unique such element of 
C{A). An element a of C{A) is thus symmetrically distinguished if and only if 
(r o ti)a{ol) — a. The result follows. □ 

We note finally a criterion for symmetrically distinguished elements which follows 
from Theorem l6.2.5l Write (A^, /i, 77) for the push forward of h'^^^ v'^^) along 

the projection onto a quotient M. of corresponding to the quotient C of 

CH{—)k on ASs- We have a canonical isomorphism 7 from C to A4{1, h{— ){■)), 
which induces an isomorphism 7 from C to M{1, h{— ){■)), where h = Ph with 
P : Ai ^ Ai the projection. If T is right inverse to P, then for any A in ASs there 
is by Theorem 15.2.11 a unique isomorphism of algebras 

u : T(h{A)) ^ h{A) 

with P{u) the identity which respects the involutions induced by (— 1)a- Then 
a e C (A) above a in (A) is symmetrically distinguished if and only if 

(6-2.10) 7s,A -j,o(a) =uo T(75.^^ o(a)). 

By Theorem l5.2.3[ this condition is independent of the choice of T. That for given 
a there is a unique a above a for which (j6.2.10|l holds is clear. To see that this a is 
symmetrically distinguished, we may suppose by Lemma 12.5.31 that the restriction 
of T to the full fc-pretensor subcategory of Ai consisting of twists of objects in the 
image of /i is a Tate A;-pretensor functor. By Theorem 15. 2. 2[ u is the component at 
A of a monoidal isomorphism ip : Th ~> h with P{(p) the identity. If we write f3 
for (16.2.11) . /? for the image of /? in C(A™), and r for ri + • • • + r„, then 

7S,A",-rj,o(/3) = ^A-" °T{js,A"-,~rt,oW) 

by Proposition 13.4. Il The injectivity of Vm{a) — » C{A"^) follows. 

6.3. Concluding remarks. Let C be a quotient of CH{—)k on Vs by a proper 
ideal. It is natural to consider, instead of the condition of Definition 16.2. 1[ the 
weaker condition on an a in C* (A) where the p in (|6.2.ip run only over those closed 
immersions A" A^ for which each component A" ^ A is a. projection. Call 
such an a distinguished. Since the involution (—1) a is no longer used, we have also 
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a notion of distinguished element in C'^{X) for an arbitrary X in Vs. Denote by 
D^{X) the set of such elements. It is non-empty if and only if is distinguished. 
The sets D^{X) are stable under multiplication by an element of k and puUback 
and push forward along isomorphisms in Vs, and the rth power of an element of 
D^{X) lies in D"{X) and the tensor product of elements of D^{X) and D^{Y) lies 
in (XxsY). Distinguished elements are stable under change of base scheme, in 
the same sense as for symmetrically distinguished elements. For an abelian scheme 
A over S, the symmetrically distinguished elements of C^{A) and their translates 
are distinguished. 

Write {M,h,ri) for the push forward of {Ms.k,hs,k,'^s,k) along the projection 
onto the quotient M oiMs.k corresponding to the quotient C oi CH{~)k. There is 
a canonical isomorphism 7 from C to )(•)), which induces an isomorphism 

7 from C to h{— ){■)), where h is h composed with the projection. If is 

the strictly full subcategory of Ai with objects isomorphic to those in the image of 
A^|\, then the projection Ai'^ has a right inverse T. Denote by the set 

of those X in Vs with h{X) in M°, and by the set of those X in V§ with h{X) 
isomorphic as an algebra in to T{h{X)). By Theorem l5.2.3i the last condition 
is independent of the choice of T. Both and are stable under products. If 
X lies in Vg and if a in C*(X) above a in C'^{X) is such that 

(6-3.1) 7s,x-»,o(a) = t' o r(75,x.-»,o("))' 

for some isomorphism of algebras 

V : T(h{X)) ^ h{X) 

in A^" lying above the identity in then it can be seen in a similar way as 
for (|6.2.10p above that a is distinguished. Thus for X in V™, every fibre of the 
projection C'^{X) C'^{X) contains at least one distinguished element. 

A sufRcient condition for X in Vs to lie in V^" is that the geometric generic 
fibre of X should be an abelian variety. If X in Vs is of relative dimension 1, then 
the necessary and sufficient condition for X to lie in V™ is that the algebra h{X) 
should have a Z-grading lifting the canonical Z-grading of h{X). In particular if S 
is the spectrum of an algebraic extension of a finite field, then any curve in Vs lies 
in Vs°. If S is the spectrum of an arbitrary field, then any hyperelliptic curve in 
Vs hes in V^ . On the other hand, suppose that S = Spec(C), and that C is a finer 
quotient of CH{—)k than that defined by algebraic equivalence of cycles modulo 
torsion. Then by the result of Ceresa [7], if X is a sufficiently general connected 
proper smooth curve of genus > 3 over S and if A is the Jacobian of X, the class 
of X in C{A) does not coincide with its puUback along (— 1)^. Any such X lies 
outside Vf. 

As was mentioned at the end of 14.41 it seems very plausible that Theorem 14.4.71 
can be proved in the stronger form where T) is an arbitrary fc-pretensor category. If 
this were so, it would follow that for every X in Vg, the distinguished elements of 
C"(X) above a in C"(X) are exactly the elements a for which there is an isomor- 
phism of algebras v lying above the identity such that (|6.3.ip holds. This would 
imply that the X in V^ are exactly the X in V5 for which in C{X) is distin- 
guished. For an abelian scheme A over S, it would imply that the symmetrically 
distinguished elements of C"(A) are exactly those which are symmetric and dis- 
tinguished. If we assume for simplicity that S is the spectrum of an algebraically 
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closed field, it would further imply that any two distinguished elements of C^{A) 
lying above the same element of C'^{A) are translates of one another. 
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